MECHANICS & RELATIVITY:
FRANCKEN PRACTICE SESSION PROBLEMS

MARKUSS G. KENINS

Recall some useful formulae:

(1) for massive (m > 0) particles energy E = ymc? and momentum ' = ymd;

(2) for photons p = E/c¢; if p in the +& direction, P = (E/¢, E/¢,0,0);

(3) 4-momentum is defined as P = (E/c, p); note: capital P for the 4-vector,
small P’ with a vector arrow for the momentum vector; magnitude ||p]| = p;

(4) very important relation m?c? = P- P = E?/c? — p?;

(5) 4-momentum is conserved in collisions — energy EP¢fre = Fafter and mo-

mentum pgefore — pgfter’ pl;efore — pzfter’ plZ)efore — pgfter are COHSQI’VGd;

(6) the inner product V{aP . Vjab — yther . yother ig frame-invariant.

Problem 1. Two photons collide at an angle # as measured in the lab frame:
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Upon colliding, the photons create a particle of mass M. Let both photons have
the same energy E.

(a) Find M in terms of E and .

(b) What is the magnitude v of the velocity ¥ = (v, vy,0) of the particle? What
the the components v, and v,? Check that v? = v2 + ’UZ.

Hint (a & b): Conservation of 4-momentum; then use the very-important rela-
tion for P of M, namely, M?c> = P - P.

Answers: M = (E/c*)\/2(1 — cos®), v = c\/(1 + cos0)/2, v, = c(1 + cos®)/2,

vy = ¢(sin ) /2.

Problem 2. A photon of energy E (in the lab frame) travelling in the +Z direction
hits a particle of mass m. After the collision both the photon (note: different
energy!) and mass travel at an angle 6 from the z-axis. Denote the energy of the
photon after collision by E’ (in the lab frame).
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(a) Find 0 in terms of F and m. Hint: Find P2 of m; use P- P.

Answer: o m

0 E + mc? —_— 9 E + mc?
cos = —— = arccos ———
E +2mc? E + 2mc?
(b) In the limit of a heavy particle and low-energy photon E < mc?, what is 67

(¢c) Find E’ in terms of E and m (use the expression of ).
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Problem 3. Let a particle of mass m be stationary in the lab frame; consider a
photon travelling in the +& direction that collides with m. Let the photon have
wavelength A (hence energy E = hc/\, where h is the Planck constant). After
collision the photon scatters at an angle # and has wavelength A as given below

®m

h
N =X+ —(1—cos¥).
me

Show that

Hint: Express energies in terms of the wavelengths. Conservation of 4-momentum;
use m2c? = pafter . pafter where express P*T in terms of Pbefore pbefore “and

photon?
after before | pbefore _ before | pbefore _ pafter | pafter _9
Pphoton' What are Pm Pm =7 and Pphoton Pphoton - Pphoton Pphoton -

Problem 4. Consider a collection of n particles in space (3-dimensional space).
Suppose that they have pioy = Y., i and Eyoy = » ., E; as measured in the lab
frame.

(a) First consider classical mechanics. Let the total mass be M = "  m;.
Given the positions of the particles 77, ..., 7, what is the position 7" of the centre-
of-mass in the lab frame? From this find the velocity v of the centre-of-mass in the
lab frame in therms of pio¢ and M!

Answer: piot = M.

(b) Still in classical mechanics, if the total momentum pio in the lab frame is
zero, is the lab frame the centre-of-mass frame?

(c) Now in relativity. We define the centre-of-mass frame as the frame, where the
total momentum is zero. Given piot and Fio (in the lab frame) find the velocity
vector ¥ = (v, vy, v,) (in the lab frame) of the centre-of-mass frame.

Hint: Use a Lorentz transformation from the lab into the centre-of-mass* frame;
to find v, boost from lab to c.-of-m. in the z direction; similarly for finding vy, v..

Answer: ¥ = (c?/Eyot)Prot -

Problem 5. Consider two particles of mass m; in the lab frame one particle (1)
travelling with velocity (3/5)c hits the other mass (2), which is stationary:
3¢c/5
nym-——> m (2)

(a) What are the energies Ey, E5 and momenta pi, pa of the two particles in the
lab frame?

(b) Find the velocity v (in the lab frame) of the centre-of-mass framel!

Hint: Use Problem 4(c). Answer: v = (1/3)c.

(c) What are the energies F1, E} and momenta p}, p} of the two particles in the
centre-of-mass frame?

Answer: For the first particle £y = (3/2v/2)mc?, p1 = (1/2v/2)me.

Problem 6. We will work in the lab frame. Consider a mass m that starts at rest
at « = 0; we push on the mass with a constant force F' in the +az-direction.

(a) Find the time ¢ it takes for the mass to reach position z (z > 0).

Hint: F = dp/dt = const, F = dE/dx = const, therefore... (1st order ODEs).
Then use the very important relation m2c? = E?/c? — p2.

Answer: t = \/2mFx + F2a22/c2|F

(b) Simplify the answer in the limit 1/2 & 0 using the binomial approximation.
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Problem 7. Show that the proper time interval dr = 4/dt? — dr2/c? frame-
invariant, where dr? = dx? + dy? + dz?. (L.e. dr does not change after a Lorentz
transformation.)

Problem 8. Recall that the force 4-vector F is defined as F' = dP/dr.

(a) Show that
1dE -
F=~(=22
7(0 7 7f),

where f = dp/dt = d(ym®)/dt is the force vector.

(b) Show that if the mass m is constant (dm/dt = 0), then F' = mA, where A is
the acceleration 4-vector A = dV/dr, V = (dt/dr,dx/dr,dy/dr,dz/dT).

(¢c) In what frame is f = ma?

Problem 9. In the lab frame a particle decays, creating three particles of the same
mass and equal velocity v travelling symmetrically in 120° angles:

In the frame of particle A, let the angle between particles B and C be 6, as given
below:

(a) Find the velocity 4-vectors V' = (¢, ¥) of each particle in the lab frame; use
the notation VP, Vb and Vb,

(b) Compute the inner products VP . Vb Viab. ylabanq yvlab . ylab Why
are all of them equal?

Answer: v2c¢*(1 +v?/(2¢%).

(¢) Compute the velocity 4-vectors of each particle in the frame of particle A,
denoted VIL(,A), VéA), and VéA).

(d) Using invariance of the inner product, find 6.

Hint: cos® 6 — sin? @ = cos 26.

Answer:
1+v2/(2¢?) 1 1+v2/(2¢2)
v T VT s T e e

(e) What does 6 reduce to in the limits v ~ 0 and v ~ ¢?

cos 20 =



