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2 M.G. ĶĒNIŅŠ

Dear reader,
In these notes we reproduce the theory of multivariable analysis based on the

approach by Prof. Roland van der Veen (1) – the same approach as adopted in
Spivak (2) –, however, in a more reader-friendly manner – the focus is on arriving
at the definitions through simple examples from calculus 2, and to introduce all
algebraic structures in the most natural way possible.

Tensors were reproduced with heavy modification from Postnikov, and, in a lesser
sense, from Kiselev’s notes, and serve as a first introduction.

NB! A core course consists of all §§ except §§ 10 to 13 (tensors) and appendices.
The ‘goal’ of multivariable analysis is to generalise the fundamental theorem

of calculus to its multivariable version – Stokes’ theorem and Poincaré lemma.
Namely: (1) the integral of a derivative is the integral of the primitive over the
boundary, (2) a primitive exists if and only if the derivative is zero. But (!) what
do we mean by ‘the’ derivative...? We will see that it is dual to the boundary,
making Stokes’ theorem trivially true...

As an application of Stokes’ powerful theorem, we give a very elegant proof of
one of the core theorems of complex analysis (cf. Appendix A) – Cauchy’s integral
theorem: ‘integral of a complex-differentiable function over a closed loop is zero’.

I hope you enjoy the notes! Please email all corrections to the email given above.

– MGĶ.

∗ ∗ ∗

The course should prepare the student to begin reading differential geometry; a
fantastic first reference is Postnikov’s Lectures on Geometry, the second-half of Vol.
II or the full Vol. III1 as a first introduction. Parts of Vol. I introduce projective
geometry (cf. contents of lectures). Further volumes (IV parts 1 and 2 and V)
cover more advanced topics, including elements of algebraic topology. All volumes
are available for free at https://archive.org/search?query=creator%3A%22M.

+Postnikov%22.
A highly condensed text on differential geometry is (4).

∗ ∗ ∗

Bibliography.

(1) R. van der Veen, Multivariable Analysis, 2021 [NB! primary reference];
(2) M. Spivak, Calculus on Manifolds [reproduces a very similar theory to (1)];
(3) M. Postnikov, Lectures on Geometry, Vol. II [for tensors – §§ 4–9 ];
(4) A.V. Kiselev, Tensor Calculus on Manifolds [advanced course on differential

geometry ].

1The beginning of Vol. III reproduces the end of Vol. II.

https://archive.org/search?query=creator%3A%22M.+Postnikov%22
https://archive.org/search?query=creator%3A%22M.+Postnikov%22
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Part 1. Linear algebra

1. Definition and maps

We begin by recapitulating the basics of linear algebra. The reader is familiar
with the canonical space Rn = {(x1, x2, ..., xn) : x1, ..., xn ∈ R} of n-tuples of real
numbers (NB! we will use superscripts for the coefficients) with the usual addition
and scalar multiplication (rescaling of vectors) rules. The typical generalisation of
the definition is to list 8 important properties; we break them up via an algebraic
approach. Now, for addition we merely need an Abelian group V under +, namely,
there exists 0 ∈ V such that for all u, v, w ∈ V we have

(1) u+ 0 = u,
(2) u+ (v + w) = (u+ v) + w, and thus we write u+ v + w,
(3) there exists −u ∈ V such that u+ (−u) = 0,
(4) u+ v = v + u,

and scalar multiplication is an action from the real numbers into the group: for all
λ, µ ∈ R we have

(5) 1 · u = u,
(6) (λ+ µ) · v = λv + µv,
(7) (λµ) · v = λ · (µ · v),
(8) λ · (u+ v) = λ · u+ λ · v.

1.1. Definition. Let V be a set with operations + : V ×V → V and · : R×V → V .
If the operations satisfy the 8 properties above, we call V a real vector space.

We define maps to be functions that preserve both operations, similarly as in group
theory.

1.2. Definition. Let V and W be real vector spaces. We call a map L : V → W
linear if L is a group homomorphism and preserves scalar multiplication, namely,
for all u, v ∈ V and λ ∈ R we have

(1) L(u+ v) = L(u) + L(v),
(2) L(λv) = λL(v).

We denote the set of all linear maps from V to W by Hom(V,W ).

Note that the Hom(V,W ) is itself a vector space under the operations (L +
L′)(v) := L(v) + L′(v) and (λL)(v) = λ · L(v).

The two conditions above may be combined into L(u + λv) = L(u) + λL(v).
We often omit brackets and write L(u) = Lu. Injectivity L(u) = L(v) implies
u = v and subjectivity L(V ) = W may be defined as usual; just as in group
theory, the maps define the kernel kerL = {v ∈ V : Lv = 0} and the image
L(V ) = {L(v) ∈ W : v ∈ V } – subspaces! Indeed, injectivity is equivalent to
kerL = {0} (two-line proof).

Wonderfully interesting constructions emerge after considering how subspaces
fit into the whole space. Let U be a subspace of V ; firstly, note that if we add
two vectors from the same subspace U , the sum will remain in U (in principle, by
definition); what happens if we add a vector not in U? Let U ̸= V be a proper
subspace; if we add a vector v ∈ V \U to any vector in U , we will obtain a vector
outside U ; if we consider the set of vectors we obtain from this process, it turns out
that this construction allows us to define a vector space.

1.3. Definition. Let U be a subspace of V . We define the quotient space V/U =
{v+U : v ∈ V }, where v+U = {v+u : u ∈ U}, with addition (v+U)+ (w+U) =
(v + w) + U and multiplication λ(v + U) = (λv) + U .

The following fact follows immediately from rewriting the definition.
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1.4. Lemma. Let V = U ⊕U ′ be a direct sum of two subspaces: V = {u+ u′ : u ∈
U, u′ ∈ U ′}. Then U ′ ∼= V/U .

This gives a way to completely characterise the way linear maps act. Let πU :
V → V/U be the map that sends v 7→ v + U . This map is clearly surjective. We
call a linear bijection an isomorphism of spaces.

1.5. Theorem (Canonical decomposition). Let L : V →W be a linear map. Then

there exists a unique isomorphism (linear bijective map) L̃ such that the diagram

V V/ kerL L(V ) Wπ

L

L̃

where ↪→ denotes set inclusion, commutes.

Proof. We require L(v) = (L̃◦π)(v) = L̃(v+kerL), thus L̃ is uniquely determined.

By defining L̃(v + kerL) = L(v), we see that L̃ is surjective; we compute ker L̃ =

{v+kerL : L̃(v+kerL) = L(v) = 0}, meaning that v ∈ kerL, hence ker L̃ = {kerL},
which is the ‘zero’ (identity) in V/ kerL, and thus L̃ is injective. □

Namely, any linear map sends the kernel to zero, and all non-zero values depend
on their relation to the kernel.

1.6. Example. The following examples illustrate this principle.

What makes linear maps so special is the fact that the map is completely deter-
mined by the way it acts on a specific set of vectors; indeed, this (ordered) set must
generate the entire vector space – be a basis. NB! The basis is an ordered set!

1.7. Definition. Vectors v1, ..., vn ∈ V are independent if no vector is a linear
combination of the others; equivalently, if a1v1 + · · ·+ anvn = 0 implies a1 = ... =
an = 0. The span of the vectors is the set of all linear combinations made by them
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Span{v1, ..., vn} = {a1v1 + ... + anvn ∈ V : a1, ..., an ∈ R}; the vectors span the
space if Span{v1, ..., vn} = V .

The ordered set b = (v1, ..., vn) is a basis for V if the vectors are independent
and span V . The number of vectors for which this is true is unique (cf. LA2), and
is called the dimension dimV = n.

Intuitively, the independence requirement restricts the maximal number of vec-
tors in a basis, whereas the span requirement guarantees that we have enough
vectors. Note that n may not be finite, however, in this course (virtually) all spaces
will be finitely-dimensional.

Indeed, the basis induces an isomorphism b : Rn → V (where n = dimV )
given by b(ei) = vi, where e = (e1, ..., en) is the standard basis e1 = (1, 0, ...), e2 =
(0, 1, 0, ...), ..., en = (0, ..., 0, 1). Since we know that in Rn any vector may be written
uniquely in terms of the standard basis, the isomorphism guarantees that this is
true in V .

Any linear map must respect the dimensions: intuitively, for every (independent)
vector mapped to 0 we lose an independent image vector; this way, a linear map
L : V →W splits V into the kernel and non-kernel subspaces, where the non-kernel
is mapped injectively. This is formalised by the dimension theorem.

1.8. Theorem (Dimension). For any linear L : V → W , where dimV < ∞ (but
dimW may be ∞), we have

(1.1) dimV = dimkerL+ dimL(V ).

Proof. By Theorem 1.5, V/ kerL ∼= L(V ), therefore dimL(V ) = dimV/ kerL =
dimV − dimkerL. □

Note that without Theorem 1.5, the standard proof requires a lemma for basis
extension, and is quite long and inelegant.

We provide the most general example of a vector space below, which we will
often meet later in the course.

1.9. Definition. Let S be a finite set. We define the free vector space R(S) by

(1.2) R(S) =

{∑
s∈S

css : cs ∈ R

}
,

where sums and scalar multiplication are defined term-wise for each distinct s.

2. Matrices and change of basis

It is well-known that multiplying a column vector by a matrix yields a linear map
LA : Rn → Rm, namely, LA(v) = Av, where A ∈ Rm×n, A = (Aij)

i=1,...,m
j=1,...,n (notation:

row index above, column index below). This correspondence goes both ways: every
linear map is associated with a matrix given by L(eVj ) = A1

je1+A
2
je2+ · · ·+Anj en,

where eVj ∈ V and ei ∈ W ; it is very important to notice that e1, ..., em are

independent, thus the numbers Aij are uniquely determined. Rewriting in column
form reveals that

L(eVj ) = A1
je1 +A2

je2 + · · ·+Amj em =

A1
j
...
Amj

 ,

namely, the columns of A represent the images of base vectors.
We may extend the matrix description to arbitrary spaces by describing how

linear maps act on basis vectors – to use a matrix, the bases must be fixed! Indeed,
let v1, ..., vn be a basis of V and w1, ..., wm of W , inducing isomorphisms b : Rn →
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V,b(ei) = vi and c : Rm → W, c(ei) = wi, and let L : V → W be a linear map.
The following commutative diagram

V W

Rn Rm

L

c−1Lb

b c

yields the associated matrix [L]ij = (c−1◦L◦b)ij ; explicitly, the matrix with columns
given by

[L] = [(c−1Lb)(e1), ..., (c
−1Lb)(en)]

= [(c−1L)(v1), ..., (c
−1L(vn)]

= [c−1(L(v1)), ..., c
−1(L(vn))],

(2.1)

where c−1(w) = c1w1+ · · ·+cmwm gives the coefficients of a vector in the w1, ..., wn
basis of W . This proves the following.

2.1. Lemma. dimHom(V,W ) = dimV dimW .

3. Dual space

Up until now, the notes have focused primarily on recapitulation; already, or in
a moment, this will no longer be the case.

The concept of a dual space is one of the most important concepts in linear
algebra; indeed, the definition of tensors arises through functionals; let us jump
right into the definition.

3.1. Definition. The dual2 space V ∗ = Hom(V,R) is the space of linear maps
from the vector space into the real numbers; the elements of V ∗ are called (linear)
functionals or covectors.3

Let b1, ..., bn be a basis for V . Indeed, for v = a1b1 + · · · + anbn the functional
must act linearly on each basis vector, meaning that any functional φ ∈ V ∗ is of
the form φ(v) = φ1a

1 + · · · + φna
n, where φi = φ(bi). Since n arbitrary numbers

specify φ, it follows that the dimension of V ∗ is n. Indeed, setting βi ∈ V ∗ given
by βi(bj) = δij , yields φ(v) = φ1β

1 + · · ·+ φnβ
n, as

(φ1β
1 + · · ·+ φnβ

n)(v) = φ1β
1(v) + · · ·+ φnβ

n(v) = φ1a
1 + · · ·+ φnan = φ(v).

The basis β1, ..., βn of V ∗ (dual basis of V ) defines the corresponding isomor-
phism ß : Rn → V ∗ given by ß(ei) = βi. This shows that if dimV < ∞, then
dimV = dimV ∗.

3.2. Theorem. (V ∗)∗ ∼= V with a natural identification.

Proof. Let v ∈ V be arbitrary. Denote V ∗ = W , and let v̂ ∈ W ∗ be a functional
on W = V ∗ defined by v̂(φ) = φ(v) ∈ R. We claim that Φ : V → (V ∗)∗ is an
isomorphism (linear bijection). Indeed, Φ(v) = Φ(w) implies that φ(v) = v̂(φ) =
ŵ(φ) = φ(w) for all φ; thus it is true for all φ = βi, which yields v1 = w1, ..., vn =
wn, hence x = y, showing that Φ is injective.

We compute

Φ(v + λw)(φ) = (v̂ + λw)(φ) = φ(v + λw) = φ(v) + λφ(w)

= Φ(v)(φ) + λΦ(w)(φ);
(3.1)

hence Φ is linear.

2In some older resources called the conjugate space.
3Addition and scalar multiplication are defined as usual: (φ + φ′)(v) = φ(v) + φ′(v) and

(λφ)(v) = λ · φ(v) under multiplication of real numbers.
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By the dimension theorem, dimΦ(V ) = dimV −dimkerΦ = dimV = dim(V ∗)∗,
hence Φ is surjective, proving that it is an isomorphism. □

3.3. Remark. Annulets allow to characterise subspaces not as spans, but by dual
vectors. We will often discuss level sets of maps; these further formalise that notion.
We will not use these in the notes; cf. Postnikov, § L4, Def. 4.

3.4. Theorem. V = P ⊕ Q implies V ∗ = AnnP ⊕ AnnQ and AnnP ∼= Q∗,
AnnQ ∼= P ∗, where the annulet AnnS ⊆ V ∗ of S ⊆ V is defined as

(3.2) AnnS = {φ ∈ V ∗ : φ(x) = 0 ∀x ∈ S}.

4. Pull-backs of linear maps

A central theme throughout this topic will be that of pull-backs, which deserve its
own section. A very common construction will be the following: given a structure
on space W , we wish to define a similar structure at a point of V , such that the
structures are related by some mapping V → W .4 We say that we pull back the
structure.

The simplest example is the case, where the map L : V → W is linear, and the
structure is a functional, as is illustrated below:

4.1. Definition. Let L : V →W be a linear map and ϕ ∈W ∗ be any functional on
W . Define the pull-back L∗ of ϕ along L to be L∗ϕ = ϕ◦L. Note that L∗ :W ∗ → V ∗

is linear.

Indeed, the definition states that the following diagram commutes:

V W

R

L

L∗ϕ
ϕ

where all arrows are linear maps. When we say that a diagram commutes we mean
that traversing arrows from one set to another one way must yield the same result
as by going any other way; in the diagram the sets V and R are the only ones
connected by arrows in more than one way: either via L∗ϕ or via L followed by ϕ
(i.e. composition ϕ◦L); commutativity means that these must be equal L∗ϕ = ϕ◦L.

The reader will meet many other examples of pull-backs; these are in fact all the
same... diagram. Namely, the sets will typically remain vector spaces (R is a vector
space), but the nature of the arrows will be different – linear maps, differentiable
functions, forms, etc.

One may attach more stuff around the ‘triangle’ in the diagram to indicate how
some of the maps are constructed, however, they cannot influence the triangle.

4.2. Remark (What is Algebra, really?). During the second year of mathematics
the reader will discover a new (correct? ,) way to think about mathematics. So
far, we have thought of linear maps as functions that satisfy this extra structure; of

4Cf. https://en.wikipedia.org/wiki/Pullback_(differential_geometry).

https://en.wikipedia.org/wiki/Pullback_(differential_geometry)
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homomorphisms as functions that respect group operations; etc. others – functions
with fixed properties. And when we think of these maps, we think of sets and
functions acting on sets; when these sets have structure, the functions may or may
not satisfy the conditions.

Now, a better way is as follows: do not think of a structure (group, vector space,
topological space, etc.) as ‘sets’ that have other additions, and functions simply
being from the underlying sets to sets, but instead(!) fix structures and consider
only the maps that preserve the structure.

For example, only group homomorphisms are called ‘maps’ between groups, only
continuous functions between topological spaces, only linear maps between vector
spaces. That is, we do not consider ‘sets’ and ‘maps’ separately – they are one; you
cannot consider groups without group homorphisms, you cannot consider vector
spaces without linear maps, and so on.

This idea is typically called category theory – a category consists of objects with
maps. (Such that composition behaves well.) The maps are restricted – i.e. not
just ‘functions’ –; indeed, the objects do not even have to be sets.

Examples: any sets and any functions – category of sets, Set; groups and group
homomorphisms – category of groups Grp; category of vector spaces over a field5 K
with linear maps –VecK; smooth manifolds with p-times continuously differentiable
maps – Manp; and so on.6

4.3. Lemma. Let U
M−→ V

L−→ W be linear maps. Then (L ◦M)∗ = M∗ ◦ L∗ as a
linear map W ∗ → U∗.

Proof. For any ϕ ∈W ∗ we compute both sides separately

(L ◦M)∗ϕ = ϕ ◦ L ◦M

and

(M∗ ◦ L∗)(ϕ) =M∗(L∗(ϕ)) =M∗(ϕ ◦ L) = ϕ ◦ L ◦M,

proving the statement. □

Therefore, pull-backs may be computed separately or from a single composition.

5. Metric and topological structure of vector spaces

We will wish to work with open neighbourhoods of vector spaces; as such we
need a metric to define open balls. Recall the definition of a metric.

5.1. Definition. A metric d : X ×X → [0,∞) on X is a function that satisfies for
all x, y, z ∈ X:

(1) d(x, y) = 0 if and only if x = y (positivity);
(2) d(x, y) = d(y, x) (symmetry);
(3) d(x, y) ≤ d(x, z) + d(z, y) (triangle inequality).

We then call (X, d) a metric space.

A very special type of metric defined on vector spaces that preserves scalar
multiplication is called a norm d(x, y) = ||x − y||, where || · || : V → V , or
||x|| = d(x, 0), satisfies ||av|| = |a| ||v||, where a ∈ [0,∞) and v ∈ V . Note that

5A field (Körper – ‘body’) is an Abelian group with commutative multiplication, where every

nonzero element has a multiplicative inverse (i.e. you can divide).
6Cf. probably one of the best algebra books ‘Algebra: Chapter 0’ by Paolo Aluffi –

https://agorism.dev/book/math/alg/algebra_chapter-0_paolo-aluffi.pdf The book contains

9 chapters... Chapter 1 is a first (really, an introduction for absolute beginners, full of examples
and motivation) introduction to category theory.

https://agorism.dev/book/math/alg/algebra_chapter-0_paolo-aluffi.pdf
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||x + y|| = d(x,−y) ≤ d(x, 0) + d(0,−y) = ||x|| + || − y|| = ||x|| + ||y||. Similarly,
the reverse triangle inequality holds:

(5.1) | ||x|| − ||y|| | ≤ ||x− y||.
We call norms || · ||1, || · ||2 : V → [∞) Lipshitz equivalent if there exist constants

c, C > 0 such that c||v||2 ≤ ||v||1 ≤ C||v||2 for all v ∈ V . Then the induced metrics
d1(x, y) = ||x− y||1 and d2 are Lipshitz equivalent:

d1(x, y) = ||x− y||1 ≤ C||x− y||2 = Cd2(x, y),

cd2(x, y) = c||x− y||2 ≤ ||x− y||1 = d1(x, y),

thus

(5.2) cd2(x, y) ≤ d1(x, y) ≤ Cd2(x, y).

Recall that Lipshitz equivalent metrics are topologically equivalent7 – a subset
U ⊆ V is d1-open if and only if it is d2-open.

5.2. Theorem. If dimV <∞, then all norms on V are Liphsitz equivalent.

The proof is somewhat long and technical, and is skipped;8 the crucial fact is to
use the Heine–Borrel theorem – in Rn being closed and bounded is equivalent to
being compact – for the unit (n− 1)-sphere Sn−1 ⊊ Rn.

It can be easily shown that any norm and linear map are continuous. Similarly,
that the image of the vectors with norm 1 is compact.

Since the set of linear maps Hom(V,W ) from V to W is a vector space, we may
define a norm on it as follows, called the operator norm

(5.3) ||L|| = sup
||v||=1

||L(v)||

for any linear L : V → W . It is related to eigenvalues as is given by the lemma
below. Recall that an eigenvalue and eigenvector pair (λ, vλ) of L : V → V satisfies
L(v) = λv; the map L is diagonalisable if there exists an independent set of n
eigenvectors v1, ..., vn such that L(vi) = λivi (NB! no summation by Einstein
notation.).

5.3. Lemma. Let dimV = n < ∞ and L : V → V be linear. Then the operator
norm ||L||2 ≤

∑n
i,j=1(L

i
j)

2, where Lij = εiL(ej) are basis elements with respect to

basis e1, ..., en of V . If L is diagonalisable, then ||L|| equals the largest eigenvalue
of L.

We recall continuous maps.

5.4. Definition. A map f : V → W , with V and W considered as metric spaces
with the metrics arising from norms, is continuous if the preimage f−1(A) of any
open set A ⊂W is open in V .

We say f is continuous at x ∈ V if for any ϵ > 0 there exists a δ(x, ϵ) > 0 such
that f(Bδ(x)) ⊂ Bϵ(f(x)), where Br(x) is the open ball of radius r > 0 around x.9

Then continuity is equivalent to f being continuous at all x ∈ V . We say that
f : P → W for some subset P ⊂ V is continuous on P if f is continuous at all
x ∈ P ; equivalently, that the preimage of open is open in P .

7Cf. Sutherland, Prop. 6.34.
8It will be replicated in the functional analysis course.
9NB! Each of the two balls above is with respect to a different metric – dV on V and dW on

W .
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Part 2. Differentiation and integration

In this part of the notes we handle the definitions of the derivative (emphasis),
and the integral, where we integrate multivariate functions; we will make no mention
of ‘integrating derivatives’, as in the fundamental theorem of calculus – this belongs
to the integration of forms.

6. The derivative

We now have all the tools to jump right into the definition of the derivative. Let
V,W be real vector spaces with dimV,dimW < ∞, and let f : P → W be some
continuous function defined on an open neighbourhood U of V . In essence, we will
want to define the subspace of W that approximates f(p) at some point p ∈ P to
first order ; this subspace will be the image of some linear map. Equivalently, we
look for the linear map f ′(p) that best approximates f at p to first order, namely:

(6.1) f(p+ v) = f(p) + f ′(p)v

6.1. Definition. Let || · ||V and || · ||W be norms on V and W . Let P ⊂ V be
open. A function f : P → W is differentiable at p ∈ P if there exists a linear map
L : V →W that satisfies the following limit:

(6.2) lim
v→0

f(p+ v)− f(p)− L(v)

||v||V
= 0.

NB! Convergence is in W under the norm || · ||W . We call L = f ′(p) the derivative
f ′(p) ∈ Hom(V,W ) of f at p; the dependence upon the point p is crucial. If f
is differentiable at all p ∈ P , we say f is differentiable on P ; then f ′ : P →
Hom(V,W ), p 7→ f ′(p) is a well-defined function; if f ′ is continuous, we say that f
is continuously-differentiable.

The emphasis is on the statement that f ′(p) is a linear map. Indeed, for f :
R → R we have that f ′(p) as a number represents the linear map x 7→ f ′(p) · x,
namely, real number multiplication. We will see shortly that we can work with
f ′(p) as a fully general linear map, or its matrix representation, whichever is more
convenient (depends on the example!); this matrix representation will be of a form
most familiar to the reader... can you guess what it is?

6.2.Example. Let ||·||2 be the standard Euclidean norm on R2, namely, ||(x, y)||2 =√
x2 + y2. Let f : R2 → R2 be given by f(x, y) = (x2 + y2, xy). We check whether

f is differentiable at p and, if so, find f ′(p) for any p = (a, b) ∈ R2. Recall that
the derivative will be the linear map that best-approximates the f to first order ; for
that reason we may compute the difference f(p+ v)− f(p) and ‘read off’ the linear
part (in v), if possible. Let v = (h, k) ∈ R2. Then

f(p+ v)− f(p) = f(a+ h, b+ k)− f(a, b)

=

(
(a+ h)2 + (b+ k)2

(a+ h)(b+ k)

)
−
(
a2 + b2

ab

)
=

(
a2 + 2ah+ h2 + b2 + 2bk + k2 − a2 − b2

ab+ ak + bh+ hk − ab

)
=

(
2ah+ 2bk
ak + bh

)
+

(
h2 + k2

hk

)
=

(
2a 2b
b a

)(
h
k

)
+

(
h2 + k2

hk

)
,
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which suggests that f ′(p) is represented by the 2 × 2 matrix above, which we call
L. We indeed check this:

lim
v→0

f(p+ v)− f(p)− L(v)

||v||2
= lim
h,k→0

1√
h2 + k2

(
h2 + k2

hk

)
= lim
h,k→0

(√
h2 + k2
hk√
h2+k2

)
=

(
0
0

)
,

where the limit in the second argument limh,k→0 hk/
√
h2 + k2 is zero because the

numerator is of order 2, whereas the denominator of order 1. Therefore, f ′(a, b) :
R2 → R2, with the standard bases e1, e2 of R2, is given by

f ′(a, b)(v) =

(
2a 2b
b a

)
v.

Notice the following:

(
∂f
∂x (p)

∂f
∂y (p)

)
=

 ∂x2+y2

∂x

∣∣∣
p

∂(x2+y2)
∂y

∣∣∣
p

∂xy
∂x

∣∣∣
p

∂xy
∂y

∣∣∣
p

 =

(
2a 2b
b a

)
.

This is not a coincidence. We will later see that the linear map f ′(p) is represented
by the matrix of partial derivatives in some basis (to be defined for cases other than
Rn with the standard basis).

Let us first show that the definition of the derivative actually makes sense.

6.3. Lemma. The differentiability condition does not depend upon the chosen norms.

More precisely, if a function is differentiable with respect to norms | · |V and
| · |W , then it is differentiable with respect to any other norms || · ||V and || · ||W .
Fix p ∈ P ⊆ V . Let f : V → W be differentiable with respect to | · |V and | · |W ,
namely, there exists a linear map L : V →W such that

lim
v→0

f(p+ v)− f(p)− L(v)

|v|V
= 0,

which means that for every ϵ > 0 there exists a δ = δ(ϵ, p) > 0 such that

|f(p+ v)− f(p)− L(v)|W
|v|V

< ϵ whenever |v|V < δ.

We will prove a more general statement that implies it for the special case above.

6.4. Lemma. The existence and value of a limit is independent upon the chosen
norms.

Proof. Suppose that limv→a g(v) = w (a ∈ V , w ∈ W , g : V → W ), namely, for
every ϵ > 0 there exists a δ = δ(ϵ, a) > 0 such that |g(v) − w|W < ϵ whenever
|v − a|V < δ. We will show that the same is true with any other norms || · ||V and
|| · ||W . Since all norms on a finite-dimensional space are equivalent, there exist
c, C, c′, C ′ > 0 such that c||v||V ≤ |v|V ≤ C||v||V and c′||v||V ≤ |v|V ≤ C ′||v||V .

Let ϵ > 0 be arbitrary; then there exists a δ > 0 such that |g(v) − w|W < c′ϵ
whenever |v−a|V < δ. Pick δ′ = Cδ. Whenever ||v−a||V < δ′ = Cδ, we have that
|v − a|V ≤ ||v − a||V /C < Cδ/C = δ, therefore

||g(v)− w||W ≤ |g(v)− w|W /c′ < c′ϵ/c′ = ϵ,

completing the proof. □

6.5. Lemma. The derivative map is unique.
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Proof. Let f : P ⊆ V → W be differentiable at p ∈ P . Then there exists a linear
map L : V →W such that

lim
v→0

f(p+ v)− f(p)− L(v)

||v||V︸ ︷︷ ︸
=: g(v)

= 0.

Suppose that some linear map M : V →W also satisfies

lim
v→0

f(p+ v)− f(p)−M(v)

||v||V︸ ︷︷ ︸
=:h(v)

= 0.

We will show that M = L. Let h, g be given as shown above; then

L(v) = f(p+ v)− f(p)− ||v||V g(v), M(v) = f(p+ v)− f(p)− ||v||V h(v).

We find for any k ∈ N:

h(u/k)− g(u/k) =
L(u/k)−M(u/k)

||u/k||V
=

(1/k)(L(u)−M(u))

(1/k)||u||V
= h(u)− g(u).

Finally, for any u ∈ V we have

(L−M)u = Lu−Mu = ||u||V (h(u)− g(u)) = ||u||V lim
k→∞

h(u/k)− g(u/k) = 0,

completing the proof. □

6.6. Example. We will now illustrate that the ability to choose the norms freely
allows for simpler computations. Note that V × V is a vector space with addition
and scalar multiplication defined component-wise. We will find the derivative of the
inner product map g : V ×V → R, where R is endowed with the standard absolute
value norm, and the norm on V is derived from g, namely, ||v|| =

√
g(v, v); choose

the norm on V × V to be ||(v, w)||2 =
√

||v||2 + ||w||2 =
√
g(v, v) + g(w,w). Let

(p, q) ∈ V × V . Recall the Cauchy–Schwarz inequality |g(v, w)| ≤ ||v|| ||w||, and
(r − s)2 ≥ 0 implies r2 + s2 = 2rs+ (r − s)2 ≥ 2rs ≥ rs for any r, s ∈ R.

As usual, we begin by meditating to find the linear term

g((p, q) + (v, w))− g(p, q) = g(p+ v, q + w)− g(p, q)

= g(p, q) + p(p, w) + g(v, q) + g(v, w)− g(p, q)

= p(p, w) + g(v, q) + g(v, w),

where g(v, w) appears to be quadratic in v, w. Indeed, set g′(p, q)(v, w) = g(p, w)+
g(v, q) and compute

0 ≤ lim
v,w→0

|g((p, q) + (v, w))− g(p, q)− g′(p, q)(v, w)|
||(v, w)||2

= lim
v,w→0

|g(v, w)|
||(v, w)||2

≤ lim
v,w→0

||v|| ||w||√
||v||2 + ||w||2

≤ lim
v,w→0

||v|| ||w||√
||v|| ||w||

= 0.

Therefore the limit on the first line is zero, showing that the proposed g′(p, q) is
indeed the derivative of g at (p, q) ∈ V × V .
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In fact, since g′ : V × V → Hom(V × V,R) is linear,

g′(a(p+ q) + b(r, s))(v, w) = g′(ap+ br, aq + bs)(v, w)

= g(ap+ br, w) + g(v, aq + bs)

= ag(p, w) + bg(r, w) + ag(v, q) + bg(v, s)

= a(g(p, w) + g(v, q)) + b(g(r, w) + g(v, s))

= ag′(p, q)(v, w) + bg′(r, s)(v, w),

it follows that g′ is continuous; therefore, any inner product is continuously differ-
entiable.

In the special case V = R we have g(p, q) = pq and g′(p, q)(x, y) = py + qx;
identifying R × R = R2 with basis e1, e2 and dual basis ε1, ε2 we have g′(p, q) =
pε2 + qε1.

6.7. Remark. The special case is very much worth remembering: the derivative of
(x, y) 7→ xy at (x, y) is xε2 + yε1, or in matrix form:(

0 x
y 0

)
.

Indeed, the matrix form is very often far easier to compute. If it contains many
zeros, a form in terms of dual vectors is more convenient to work with. This begs
the question: what is the relation between the matrix of partial derivatives (if they
exist & conditions on components – ?) such that the function is differentiable &
continuously differentiable? Part 5 of the following theorem yields the answer.

6.8. Theorem (Properties of the derivative). 10 Let V,W,X be finite-dimensional

vector spaces. Let P ⊆ V , Q ⊆W be open and P
f−→ Q

g−→ X be (any) maps. Then

(1) if f is differentiable at p ∈ P , then f is continuous at p;
(2) if f is constant on P , then f is (continuously) differentiable on P , f ′(p) = 0

map for all p ∈ P ;
(3) if P = V and f is linear,11 then f is differentiable on P with f ′(p) = f for

all p ∈ P ;
(4) (chain rule) if f is differentiable at p ∈ P and g is differentiable at f(p) ∈ Q,

then g ◦ f is differentiable at p, and

(6.3) (g ◦ f)′(p) = g′(f(p)) ◦ f ′(p).

(5) (relation to Jacobian) let c1, ..., cm be a basis of W ; then f may be written
in basis components as f = f ici = f1c1 + · · ·+ fmcm for f i : P → R; then
f is differentiable at p if and only if each f i is differentiable at p, and

(6.4) f ′(p) = ci(f
i)′(p).

Stated less formally, the theorem reads:

(1) discontinuous functions are not differentiable;
(2) constant functions have derivative zero (everywhere);
(3) a linear function is its own derivative;
(4) derivative of composition is composition of derivatives;
(5) a function is differentiable if and only if the components are differentiable.

10Reproduced almost verbatim from R. vd Veen, 2021. I make no claim of originality in
reproducing this theorem.

11Or f may be linearly extended to V ; this can be the case for piecewise functions where some
piece is a ‘linear’ function.
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Proof. Let || · ||V be a norm on V , || · ||W on W and || · || be the operator norm of
linear maps V →W , namely,

(6.5) ||L|| = sup
||v||V =1

||Lv||W = sup
v ̸=0

||Lv||W
||v||V

,

which gives ||Lv||W ≤ ||L|| ||v||V .
(1). Take h(v) = f(p + v) − f(p) − f ′(p)v to be a map V → W , restricted to

where h is defined.12 The differentiability condition limv→0 h(p)/||v||V = 0 yields
that for any ϵ > 0 there exists a δ > 0 such that

||v||V < δ =⇒
∣∣∣∣∣∣∣∣ h(v)||v||V

∣∣∣∣∣∣∣∣
W

=
||h(v)||W
||v||V

< ϵ.

Then

||f(p+ v)− f(p)||W = ||f ′(p)v − h(v)||W ≤ ||f ′(p)v||W + ||h(v)||W

≤ ||f ′(p)|| ||v||V + ||h(v)||W
||v||V
||v||V

=

(
||f ′(p)||+ ||h(v)||W

||v||V

)
||v||V

< (||f ′(p)||+ ϵ)||v||V

implies that choosing δ′ = min{δ, ϵ/(||f ′(p)||+ ϵ)} yields for all ||v||V < δ′

||f(p+ v)− f(p)||W < ϵ,

proving continuity.
(2). We have f(p + v) − f(p) = 0 for any permissible choice of p and v; hence

the linear map v 7→ 0 ∈W satisfies the limit of the definition of derivative.
(3). We have f(p+v)−f(p) = f(v), which is a linear map; setting f ′(p)(v) = f(v)

yields

lim
v→0

f(p+ v)− f(p)− f ′(p)(v)

||v||V
= lim
v→0

0

||v||V
= 0.

(4). Let

h(v) = f(p+ v)− f(p)− f ′(p)v,

k(w) = g(f(p) + w)− g(f(p))− g′(f(p))w.

Then

ℓ(v) = (g ◦ f)(p+ v)− (g ◦ f)(v)− g′(f(p))f ′(p)v

= g(f(p) + f ′(p)v + h(v))− g(f(p))− g′(f(p))f ′(p)v w := f ′(p)v + h(v)

= k(w) + g′(f(p))(f ′(p) + h(v))− g′(f(p))f ′(p)v

= k(f ′(p)v + h(v)) + g′(f(p))h(v).

Since g′(f(p)) is linear and limv→0 h(v)/||v||V = 0 exists, limv→0 g
′(f(p))h(v)/||v||V =

g′(f(p)) lim v → 0h(v)/||v||V = 0. Then lim ℓ(v)/||v||V = 0 if and only if lim k(f(p+
v)− f(p))/||v||V = 0.

Let ϵ > 0. Differentiability of g gives the existence of δ′ > 0 such that ||k(w)||X <
ϵ||w||W /(||f ′(p)||+1) for all ||w||W < δ′; and differentiability of f gives δ < δ′ such
that ||h(v)||W /||v||V < 1 for all ||v||V < δ.

12As P is open, there exits an open ball around p contained in P .
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Then

||k(f ′(p)v + h(v))||X
||v||V

= ϵ
1

||f ′(p)||+ 1

||f ′(p)v + h(v)||W
||v||V

≤ ϵ
1

||f ′(p)||+ 1

||f ′(p)|| ||v||V + ||h(v)||W
||v||V

= ϵ
1

||f ′(p)||+ 1

(
||f ′(p)||+ ||h(v)||W

||v||V

)
< ϵ

1

||f ′(p)||+ 1
(||f ′(p)||+ 1)

= ϵ.

(5). Let γ1, ..., γm ∈W ∗ be a dual basis forW . By part 3, these maps are linear,
thus differentiable; by part 4, the composition f i = γi ◦ f is differentiable if f is
differentiable. We show the converse. Let f i be differentiable at p for all i; hence

lim
v→0

|f i(p+ v)− f i(p)− (f i)′(p)v|
||v||V

= 0.

Then (NB! Einstein notation: (f i)′(p)(v)ci = (f1)′(p)(v)c1 + ...+ (fm)′(v)(p)cm)

lim
v→0

||f(p+ v)− f(p)− (f i)′(p)(v)ci||W
||v||V

= lim
v→0

||f i(p+ v)ci − f i(p)ci − (f i)′(p)(v)ci||W
||v||V

≤ lim
v→0

|f i(p+ v)− f i(p)− (f i)′(p)(v)| ||ci||W
||v||V

= 0,

therefore, the limit exists and is zero, as required. Note that at the inequality
summation goes from inside the norm to outside it. □

6.9. Remark. Indeed, part 5 of the preceding theorem gives the Jacobian matrix.
Recall from early calculus that (f i)′(p) is represented by the gradient matrix (row!

vector) ∇f i(p) = (∂f
i

∂x (p),
∂fi

∂y (p), ...); indeed, the reader may easily show this from

the definition. The gradient exists and each component is continuous at p if and
only if f i is differentiable; f is continuously differentiable if and only if each gradient
component is continuous in p. Let b = b1, ..., bn be a basis for V and c = c1, ..., cm
for W . This gives

c[f
′(p)]b =

 c[(f
1)′(p)]b
...

c[(f
m)′(p)]b

 =

∇f1(p)
...

∇fm(p)

 =


∂f1(p)
∂x1

· · · ∂f1(p)
∂xn

...
...

∂fm(p)
∂x1

· · · ∂fm(p)
∂xn

 .

6.10. Remark (What criminal acts must you perform to compute a derivative?). If
a basis representation is convenient, compute the matrix of partial derivatives; it
should be fairly easy to check whether they exist; if not – f is not differentiable.
If the components of the matrix are continuous functions at p, differentiability is
implied. If no basis is convenient, repeatedly apply the chain rule.

This criminality is allowed precisely by part 5 of the preceding theorem.
But the best way: näıvely, ‘professionally-stupidly’ find the first-order term, and

then check via the limit; namely, explicitly expand F (p+v) and check, which terms
depend ‘in the norm’ only on ||v||. You should obtain that for some linear map L,

F (p+ v) = F (p) + L(v) +O(||v||2)

where the term L itself is your guess for the derivative. The map L could have
a nice matrix form, or map matrices H 7→ AH + HA⊤ or be an inner product
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v 7→ ⟨v, w⟩, or whatever... but contain v in the first order. Then plug L into the
definition and compute the limit.

6.11. Example. I am tired, and getting old, thus I leave the list of examples as is;
the reader should now compute f ′(p) for their favourite point for the following:

f(x, y) =
(x, y)√
x2 + y2

, f(x, y) =
(x2y, xy2)

(x2 + y2)3/2
, f(x, y) =

(
cos y

x
,
cosx

y
, xy

)
.

Certain, more advanced, examples include: let F : GL(n;R) → GL(n;R) ⊆ Rn×n
map A 7→ A−1; then

F ′(A)(H) =
−1

1 + TrHA−1
A−1HA−1.

Let s : Hom(V, V ) → Hom(V, V ) be given by s(L) = L ◦ L; then

s′(L)(K) = K ◦ L+ L ◦K.

The matrix of partial derivatives may be constructed in terms of columns instead.

6.12. Definition. The directional derivative ∂vf(p) of f : P → W at p in the
direction of v is defined as

(6.6) ∂vf(p) = lim
h→0

f(p+ vh)− f(p)

h

if the limit exists. Given a basis b1, ..., bn of V , the partial derivatives are directional
derivatives in the directions of the basis vectors ∂bif .

6.13. Lemma. Let f : P →W be differentiable at p ∈ P . Then f ′(p)(v) = ∂vf(p).
Let b = b1, ..., bn be a basis of V and c = c1, ..., cm be a basis of W ; we write
f = f ici. Then

(6.7) c[f
′(p)]b =

∂b1f
1(p) · · · ∂bnf

1(p)
...

...
∂b1f

m(p) · · · ∂bnf
m(p)

 ,

which is called the Jacobian.

7. Tangent plane

In some sense the motivation for the derivative comes from the wish to define
tangent planes to surfaces. Indeed, the definition allows very clear definitions for
regular, 2-dimensional surfaces, which the reader has encountered before; these
generalise.

7.1. Example. Let f(θ) = (cos θ, sin θ) parametrise some open subset of the circle
containing f(p) for some fixed 0 < p < π/2. Then to find the tangent line at p, we
need the tangent vector at p, which, we recall from ordinary calculus, is given by
the vector ḟ(p) = (− sin θ, cos θ); then the tangent line is the span of this vector,
Tpf = {λ(− sin θ, cos θ) : λ ∈ R}.

Computing f ′(p) = (− sin θε1, cos θε1), notice that this tangent vector is in fact

ḟ(p) = f ′(p)e1, where R = Span(e1) is the (only) basis vector of the domain of f
and ε1 is its dual. Then

Tf(p)f = Span ḟ(p) = {λḟ(p) : λ ∈ R} = {λf ′(p)e1 : λ ∈ R}
= {f ′(p)(λe1) : λ ∈ R} = f ′(p)(R)

we see that the tangent line is the image of the derivative Tf(p)f = f ′(p)(V ) for
V = R!
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7.2. Example. Let f(θ, ϕ) = (cos θ sinϕ, sin θ sinϕ, cosϕ) parametrise some open
subset of the sphere containing f(θ0, ϕ0) for some allowed p = (θ0, ϕ0). We can fix
θ0 and only consider fθ0(ϕ) as a function R → R3; the tangent vector is given by

ḟθ0(ϕ0) = (cos θ0 cosϕ0, sin θ0 cosϕ0,− sinϕ0).

Similarly,
ḟϕ0(θ0) = (− sin θ0 sinϕ0, cos θ0 sinϕ0, 0).

Supposing that these two tangent vectors are independent, they span a 2-dimensional
subspace of R3; this we call the tangent plane; note that it is by default a subspace,
and thus passes through the origin of the vector space – if we want it to pass
through a point, we must offset it by f(p) – this is then called an ‘affine subspace’
(translated subspace).

Letting R = Span(e1) = Span(e2), we have ḟ
ϕ0(θ0) = (fϕ0)′(θ0)e1 and ḟθ0(ϕ0) =

(fθ0)
′(ϕ0)e2. But notice that R2 = Span{e1, e2}

We then write

Tf(p)f = Span{ḟϕ0(θ0), ḟθ0(ϕ0)}

= Span{(fϕ0)′(θ0)e1, (fθ0)
′(ϕ0)e2}

= Span[(fϕ0)′(θ0), (fθ0)
′(ϕ0)]

= Span[∂e1f(p), ∂e2f(p)]

= f ′(p)(R2)

is once again the image – the span of the two partial derivative vectors, which is
the span of the columns of the patrial derivative matrix.

7.3. Example. Alternatively, the sphere may be defined as the preimage g−1({0})
of g(x, y, z) = x2 + y2 + z2 − 1. We recall that the normal to this surface is given
by the gradient of g at p, namely, ∇g(p), which is the matrix (= row vector)
representation of g′(p). The tangent plane is given by all vectors of R3 that are
perpendicular to the normal vector n(p) = ∇g(p)⊤ (the transpose is there to get a
column vector13).

Let v be in the tangent plane. But v ⊥ n(p) means that n(p)v̇ = 0, or, equiva-
lently, [∇g(p)][v] = 0 or v ∈ ker∇g(p). But as ∇g(p) is the matrix representation of
g′(p), the kernels coincide ker g′(p) = ker∇g(p). Hence the tangent plane is given
by

Tpg
−1({0}) = ker g′(p).

Note that for f : V →W , g : V → R we have Tf(p)f ⊆W and Tpg
−1({0}) ⊆ V .

7.4. Definition (Tangent plane). Let f : P ⊂ V → W and g : P ⊂ V → R be
differentiable at p ∈ P . Denote S = g−1({0}). Then define the tangent plane14 at
q = f(p) ∈W and p ∈ S, respectively, to be given by

Tqf = f ′(p)(V ) ⊆W,(7.1)

TpS = ker g′(p) ⊆ V.(7.2)

8. Notation

In these notes we adopt f ′(p) : V → W to denote a linear map, where upon
evaluation the second argument v ∈ V is written in second brackets or adjacently:

f ′(p)(v) ∈W f ′(p)v ∈W.

13But it is a pedantic addition, and is often omitted. The reader will quickly find that the
really beautiful theories of mathematics make proper use of a criminal abuse of notation...

14Not necessarily 2-dimensional!
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If f is differentiable over P ⊂ V we denote f ′ : P → Hom(V,W ) to send each point
p to it’s associated linear map f ′(p) (that gives the first order approximation at p).

The following are various notations used for the derivative:

Df(p) Df |p Dpf D|pf
df(p) df |p dpf d|pf
df

dx
(p)

df

dx

∣∣∣∣
p

− d

dx

∣∣∣∣
p

f,

where the bold x strictly emphasises that x is a vector !
The partial derivatives are denoted

∂e1f(p) ∂1f(p) ∂xf(p)
∂f

∂x
(p) fx(p) f1(p) (f ′x)(p),

with similarly wild opinions on where to stick that annoying p.
For R3 with standard basis e1, e2, e3 the dual vectors are often denoted ε1 = dx,

ε2 = dy, and ε3 = dz. For Rn we denote εi = dxi for each 1 ≤ i ≤ n. The reasoning
behind this is the following: let f : R3 → R be given by (x, y, z) 7→ x; then

dx := d((x, y, z) 7→ x)(x, y, z) = ε1.

Alternatively, to make nice formulae

df(p) =
∂f

∂x
(p) dx+

∂f

∂y
(p) dy +

∂f

∂z
(p) dz

instead of

f ′(p) = ∂e1f(p)ε
1 + ∂e2f(p)ε

2 + ∂e3f(p)ε
3.

For integrals in the ordinary calculus sense the following notations are common:∫
x∈[0,1]

f

∫ 1

0

f |dx|

but in this course
∫ 1

0
f dx, namely, dx itself, will mean something different!

9. Definition of the Riemann integral

For now I will not write full formalism; it suffices to say that we can repeat the
tedious real analysis arguments about partitions – now not of an interval [a, b], but
of a k-dimensional rectangle [a1, b1]× · · · × [ak, bk]. One possibility is to define the
Riemann integral as the value when upper and lower integrals (infima, suprema of
sums over partitions) coincide;15 another is to define it as the limit n → ∞ upon
equally dividing the rectangle in nk − 1 pieces, each of ‘side length’ (b − a)/n.16

Instead of dividing the original rectangle sides by n, one may also divide in half
each time, creating these so-called ‘dyadic cubes’ of side length (b− a)/2n.

Whatever the theory, the Riemann integral (if it exists) over a rectangle B ⊊ Rk
of a function f : B → R is the best approximation to dividing up B into parts,
evaluating f in each of these parts, and summing the values times volume of parts;
in a way, measuring the k + 1 volume ‘under f ’.

Certainly, the definition is never used in practice, and is useful only for the
following three statements:

(1) continuous functions are integrable;

15Cf. https://math.okstate.edu/people/lebl/osu4153-s16/chapter10-ver1.pdf.
16Cf. Roland, § 2.2.

https://math.okstate.edu/people/lebl/osu4153-s16/chapter10-ver1.pdf
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(2) integration over B = [a, b] × [c, d] can be done by first dividing B into
horizontal strips, or dividing into vertical strips; this generalises for B =
B′ × B′′, where B′ is a p-rectangle and B′′ is a q-rectangle – Fubini’s
theorem;

(3) characterising all Riemann-integrable functions – Riemann-Lebesgue the-
orem: a bounded f : B ⊊ Rn → R is integrable if and only if the set of
discontinuities of f has measure zero.

Indeed, point (4) shows that the theory of Riemann integration is weak in the
analysis sense; indeed, the domain is even assumed to be a subset of Rn – what a
terrible restriction! – to absolve these sins, one requires the Lebesgue integral:17

9.1. Remark (§ Lebesgue integral– not part of this course). Let X be any set,
and M be a collection of subsets containing X that is closed under complements
and countable unions, called a σ-algebra (σ refers to Summe in German), and let
µ : M → [0,∞] (yes, ∞ is included, with the convention 0 · ∞ = 0) map countable
unions to series µ(

⋃∞
n=1An) =

∑∞
n=1 µ(An), called a measure; the Lebesgue integral

of f over E ∈ M with respect to µ is then the supremum∫
E

f dµ := sup
s

∫
E

s dµ, where

∫
E

s dµ :=

n<∞∑
i=1

αiµ(Ai ∩ E)

over all functions with finite image s : X → [0,∞), s =
∑n
i=1 αiχAi

, where each
αi ∈ [0,∞) and χAi

is 1 if Ai ∈ M and 0 otherwise.

Ok.
Back to our theory. Since I do not possess the moral stamina to not skip the

following proofs, I will also skip the formal definition of the Riemann integral –
the statements hold for any acceptable definition.18 Shortly: similarly as for f :
[a, b] → R but replacing the partition of [a, b] by a partition of B using cubes.

9.2. Lemma. Let B = [a1, b1)× · · · × [ak, bk) be a half-open rectangle (B̄ closed),
α, β ∈ R and f, g : B̄ → R be continuous. Then

(1)
∫
B
f exists (any continuous function is integrable);

(2)
∫
B
(αf + βg) = α

∫
B
f + β

∫
B
g (the integral is linear);

9.3. Lemma. Let f, g : U ⊂ Rk → R be continuous over U open. If
∫
B
f =

∫
B
g for

all B ⊊ U ⊆ Rk open subset, then f = g. Dropping the assumption of continuity,
f = g almost everywhere (i.e. except at most on a set of measure zero).

9.4. Theorem (Fubini). Let A ⊊ Rp, B ⊊ Rq be half-open rectangles, and f :
Ā × B̄ → R be continuous. Let F : Ā → R, a →

∫
B
f(a, ·) and G : B̄ → R,

b→
∫
B
f(·, b). Then F and G are continuous and

(9.1)

∫
A×B

f =

∫
A

F =

∫
B

G.

In essence, Fubini’s theorem allows for computations of integrals in the ‘usual’
multivariable calculus way.

9.5. Example. Let R = [0, 1]n ⊊ Rn be the standard n-cube, and let f : R→ R be
given by f(x1, x2, ..., xn) = x1 · x2 · · · · · xn (recall: upper indices denote coefficients
x = xiei). We compute I :=

∫
R
f .

17Cf. Rudin, Real and complex analysis, chapter 1 – a 30 page introduction to Lebesgue
integration.

18And the proofs will be tedious for every one of them...
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Let g(xn) = x1 · · ·xn and h(xn) = (1/2)(x1 · · ·xn−1)(xn)2, hence we have the
relation g(xn) = h′(xn). Note that h(0) = 0. Then

I =

∫
R

f =

∫
[0,1]n−1

∫
[0,1]

g =

∫
[0,1]n−1

∫
[0,1]

h′ =
1

2

∫
[0,1]n−1

h(1) = · · · = 1

2n
,

where we repeatedly apply a similar process of defining g and h for the last remain-
ing variable (coordinate), obtaining 1/2n.

Fubini’s theorem allows for a quick proof of the following.

9.6. Proposition (Mixed partials commute). For any f ∈ C2, f : P ⊆ V → W
and any u, v ∈ V the mixed directional derivatives are equal

(9.2) ∂u∂vf = ∂v∂uf.

Proof. Given f and any p ∈ P , let f̃ : U ⊆ R2 → R be given by f̃(x, y) = f(p +

xu+ yv) with U open containing all allowed inputs; then ∂u∂vf(p) = ∂e1∂e2 f̃(0, 0)

and ∂v∂uf(p) = ∂e2∂e1 f̃(0, 0). Hence it suffices to prove the statement for f̃ .

Let [a, b)×[c, d) ⊊ U be arbitrary. Denote gx(q) = ∂1f̃(x, q) and F (x) =
∫
[c,d]

g′x,

which by the fundamental theorem of calculus19 F (x) = g(d)− g(c); letting h(x) =

∂e1 f̃(x, d)− ∂e1 f̃(x, c), it follows that

I : =

∫
[a,b]

F =

∫
[a,b]

∂e1 f̃(·, d)− ∂e1 f̃(·, c) =
∫
[a,b]

h′ = h(b)− h(a)

= f(b, d)− f(b, c)− f(a, d) + f(a, c).

Similarly defining G, it can be shown that the same value is obtained for J :=∫
[c,d]

G, namely, I = J . By Fubini,∫
[a,b]×[c,d]

∂e1∂e2 f̃ = I = J =

∫
[a,b]×[c,d]

∂e2∂e1 f̃ .

Since this was true for any rectangles in U , by Lemma 9.3, it follows that over
U ∋ (0, 0) the functions are equal ∂e1∂e2 f̃ = ∂e2∂e1 f̃ . As f̃ was defined for any
p ∈ P , the statement holds for f , completing the proof. □

19Cf. Abbott, Understanding analysis.
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Part 3. Tensor algebra

The ‘grand’ theory that exists for integration (theorems of Stokes, Poincaré, and
company), exists consistently only for these so-called forms. The reason behind this
is perversely simple: we want a change of coordinates to work as usual.20 We will
explore this in Part 4.

The short story is that this forces ‘linearly dependent’ (whatever that means)
forms to equal zero; similarly, swapping two elements gives a minus sign. What
exactly are these ‘elements’? For that we need the language of tensors – multilinear
maps.

10. Tensors

Throughout this section let e1, ..., en be a fixed basis of V with dual basis
ε1, ..., εn. NB! Note that we use the symbols for the basis of V and not as the
standard basis of Rn.

From this point onwards (at least in the current section), we will adopt a way to
significantly shorten notation; in many instances already, expressions of the form
a1x1 + · · ·+ anxn have been enountered, where summation is done over the index
aixi. Probably the greatest invention of Einstein (I believe, in his own words), was
the adoption of the notation

(10.1) aixi := a1x1 + · · ·+ anxn,

where, upon encountering a repeated index (i above) both above and below, sum-
mation is done over all allowed values of i (typically from 1 to n). If there is any
ambiguity about where to stop summation, it will be indicated in text.

Generalising, this works for any repeated indices, as illustrated below

(10.2) bijx
iyi :=

n∑
i=1

n∑
j=1

bijx
iyj .

This is called Einstein’s summation notation. In case of division, 1/xi counts as a
lower index – an inverse inverts the index.

We will now develop the definition of tensors starting from bilinear functionals,
ending with tensors in physics-compatible notation. The crucial idea is the follow-
ing: to define multiplication of linear maps, we borrow multiplication from the real
numbers – since functionals map into the real numbers, we can multiply values of
functionals.

We will use the intuition from bilinear maps for defining tensors.

10.1. Definition. The map B : V × V → R is said to be a bilinear functional in V
if it is linear in each argument, while keeping the other argument fixed:

B(x+ λx′, y) = B(x, y) + λB(x′, y),

B(x, y + λy′) = B(x, y) + λB(x, y′)
(10.3)

for all x, x′, y, y′ ∈ V and λ ∈ R.

20Change of volume is given by the determinant of the parametrisation; modulo details.



22 M.G. ĶĒNIŅŠ

We shall now express B in a fixed basis e1, ..., en of V . Set the number bij =
B(ei, ej), which gives for x = xiei = x1e1 + · · ·+ xnen and y = yjej the equality

B(x, y) = B(xiei, y
jej) = xiB(ei, y

jej) = xiyjB(ei, ej) = bijx
iyj

=


b11x

1y1 + · · · + b1nx
1yn +

b12x
2y1 + · · · + b1nx

2yn +
...

...
bn1x

ny1 + · · · + bnnx
nyn

 .
(10.4)

It is evident that the coefficients {bij : i, j ∈ {1, ..., n}} may be arranged in a matrix

(10.5) [B] =

b11 · · · b1n
...

...
bn1 · · · bnn

 ,

which is called the matrix of the bilinear functional B (in a given basis). This
allows us to write B(x, y) = [x]⊤B[y], where [v] ∈ Rn is the column vector of the
coefficients of v ∈ V in the e1, ..., en basis: [v] = (v1, ..., vn)⊤.

By adding two bilinear functionals B+C term-wise, the resulting bilinear func-
tional will be represented by the matrix [B + C] = [B] + [C], and thus addition is
linear; similarly, for scalar multiplication, [λB] = λ[B]. Therefore bilinear function-
als on V form a real vector space, denoted by T2(V ). The correspondence between
a bilinear functional and its matrix in some basis proves the following:

10.2. Lemma. T2(V ) ∼= Rn×n ∼= Rnn.
10.3. Definition. Let φ, η ∈ V ∗ be two linear functionals on V . Then the bilinear
functional φ⊗ η : V × V → R defined by

(10.6) (φ⊗ η)(x, y) = φ(x)η(y)

is called the tensor product of the functionals φ and η. The multiplication on the
right is the standard multiplication of real numbers.

We now consider tensor products of dual basis vectors ε1, ..., εn. Let x, y ∈ V .
Since εi(x) = xi and εj(y) = yj , we have

(10.7) (εi ⊗ εj)(x, y) = xiyj .

Therefore, for a bilinear functional B = bij(ε
i ⊗ εj) (note the sum over all i and j

pairs) we have

(10.8) B(x, y) = bij(ε
i ⊗ εj)(x, y) = bijε

i(x)εj(y) = bijx
iyj ;

indeed, B(ei, ej) = bij , which implies that B is represented by the matrix in
Eq. (10.5).

It likewise shows that εi ⊗ εj are independent: if for all ek, eℓ we have

0 = 0(ek, eℓ) = B(ek, eℓ) = bijε
i(ek)ε

j(eℓ) = bijδ
i
kδ
j
ℓ = bkℓ,

then the coefficients bkℓ = 0 for all k, ℓ ∈ {1, ..., n}. Since we have a total of n2

independent bilinear functionals εi ⊗ εj , and by Lemma 10.2 we have dimT2(V ) =
dimRnn = n2, it follows that (εi ⊗ εj : i, j = 1, ..., n) form a basis of T2(V ).

A clever reader may already anticipate that every algebraic definition come with
a dual definition. Indeed, the dual theory of bilinear functionals reverses vectors
and covectors (functinals) in the definition.

10.4. Definition. The map B : V ∗ × V ∗ → R is said to be a bilinear functional of
covectors of V if

B(φ+ λφ′, η) = B(φ, η) + λB(φ′, η),

B(φ, η + λη′) = B(φ, η) + λB(φ, η′)
(10.9)
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for all φ,φ′, η, η′ ∈ V and λ ∈ R.

Indeed, B(φ, η) = bijφiηj , where b
ij = B(εi, εj), φi = φ(ei), and ηj = η(ej).

Similarly as before, a basis is constructed via tensor products. The coefficients bij

give rise to a matrix, as in Eq. (10.5).
We call the vector space of bilinear functionals on covectors T 2(V ). By compar-

ing the two definitions, the following immediately follows.

10.5. Lemma. T 2(V ) = T2(V
∗).

10.6. Definition. The tensor product x ⊗ y ∈ T 2(V ) as a bilinear functional of
covectors of x, y ∈ V is defined by

(10.10) (x⊗ y)(φ, η) = φ(x)η(y)

for any φ, η ∈ V ∗.

Notice how similar this definition is to the natural association V ∼= (V ∗)∗ given
by Φ(x)(φ) = x̂(φ) = φ(x), where Φ : V → (V ∗)∗ is the natural isomorphism.
Indeed, T2(V

∗) generalises (V ∗)∗ from linear to bilinear functionals, which could
thus be called T1(V

∗) by analogy (we will indeed provide a proper definition later);
similarly, T2(V ) generalises V ∗.

We then have that ei⊗ej ∈ T 2(V ) form a basis of T 2(V ), namely, any B ∈ T 2(V )
may be written as B = bijei ⊗ ej . It may be proven analogously as before, or, by
exploiting T 2(V ) = T2(V

∗), which we present below:

(10.11) T 2(V ) ∋ (x⊗ y)(φ, η) = φ(x)η(y) = x̂(φ)ŷ(φ) = (x̂⊗ ŷ)(φ, η) ∈ T2(V
∗),

where the basis of T2(V
∗) consists of tensor products of functionals f1, ..., fn ∈

(V ∗)∗ acting on basis vectors ε1, ..., εn of V ∗ as fi(ε
j) = δij ; this is satisfied by

setting fi := êi, thus completing the proof.
We now generalise the two definitions of T2(V ) and T 2(V ) above.

10.7. Definition. The mixed bilinear functional B : V × V ∗ → R is defined by
being linear: vectors in the first argument and covectors in the second. Namely,

B(x+ λx′, η) = B(x, η) + λB(x′, η),

B(x, η + λη′) = B(x, η) + λB(x, η′)
(10.12)

for all x, x′, η, η′ ∈ V and λ ∈ R. The space of mixed bilinear functionals is denoted
by T 1

1 (V ).

10.8. Definition. The tensor product η ⊗ y ∈ T 1
1 (V ) is defined by

(10.13) (η ⊗ y)(x, φ) = η(x)φ(y),

where x ∈ V and φ ∈ V ∗.

Similarly as before, B(x, φ) = bjixiφj , where b
j
i = B(ei, ε

j), and εi ⊗ ej form a

basis of T 1
1 (V ): B = bjiε

i ⊗ ej .
Indeed, a further generalisation is possible still! Bilinearity itself may easily be

generalised to multilineality: linear in each argument. This may be done both
for the number of vector components and covector components; this is the final
generalisation, and leads to the general definition of a tensor.21

10.9.Definition (Tensor). Let p, q ≥ 0. A (p, q)-tensor in a space V is a multilinear
functional T : V p × (V ∗)q → R taking p vector and q covector arguments. The
space of (p, q)-tensors is denoted by T qp (V ).

21NB! Kiselev uses the opposite convention for tensors: our (p, q)-tensors are his (q, p)-tensors.
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We have already met the following examples: (1, 0)-tensors are covectors, (0, 1)-
tensors are vectors (as V = (V ∗)∗), bilinear functionals are (2, 0)-tensors, whereas
bilinear functionals on covectors – (0, 2)-tensors. We let T 0

0 (V ) = R.
We now construct a basis. We compute (writing index summation explicitly):

(10.14) T (x1, .., xp, φ
1, ..., φq) =

n∑
i1,...,ip=1

n∑
j1,...,jq=1

T
j1...jq
i1...ip

xi11 · · ·xipp φ1
j1 · · ·φ

q
jq
,

where T
j1...jq
i1...ip

= T (eii , ..., eip , ε
j1 , ..., εj−q) is the value on the basis vectors and

covectors, and is called a tensor component. Let us introduce particularly useful
notation: let I = (i1, ..., ip) and J = (j1, ..., jq) denote ordered lists of indices; then

(10.15) T (x1, ..., xp, φ
1, ..., φq) = T JI x

IφJ ,

where summation (Einstein notation still holds!) occurs over all combinations of
indices under I and J .

With the basis e1, ..., en and dual basis ε1, ..., εn fixed on V , we then have a
bijective correspondence between (p, q)-tensors and multilinear forms T JI xIφ

J de-
termined by the coefficients T JI ; for every index ik and jℓ there are n choices in
total, therefore npnq = np+q numbers specify the multilinear form. Therefore it
follows that dimT qp (V ) = np+q.

11. Transformation of tensors

Let b1, ..., bn be a basis of V transformed from e1, ..., en by bk = cikei = c1ke1 +
· · ·+ cnken; the change-of-basis matrix (of coefficients) b[I]e is then given by

(11.1) b[I]
−1
e = e[I]b = (cij)

j
i =: C,

namely, the coefficient column vector is transformed as [v]e = C[v]b. The dual
basis vectors β1, ..., βn are then transformed as [η]ε = [η]ßC−1, where the brackets
denote row vectors [ADD EXPLANATION]. Let B : V × V ∗ → R be a bilinear
mixed functional; then B(x, φ) = [φ]ε[B]e[x]e, but also B(x, φ) = [φ]ß[B]b[x]b.
Therefore

(11.2) [φ]ε[B]e[x]e = [φ]ßC−1[B]eC[x]b = [φ]ß[B]b[x]b,

which shows that [B]b = C−1[B]eC. In Einstein summation notation, the coeffi-

cients b̃i
′

i′ of [B]b are given by b̃j
′

i′ = cii′c
j′

j b
j
i – note that cii′ arises from the vector

argument of B, whereas cj
′

j from the covector argument.

Indeed, generalising for an arbitrary (p, q)-tensor T , we obtain

T̃
j′1...j

′
q

i′1...i
′
p
= T (b1, ..., bp, β

1, ..., βq)

= ci1i′1
· · · cipi′p · cj

′
1
j1
· · · cj

′
q

jq
· T j1...jqi1...ip

,
(11.3)

which is better expressed in contracted notation by T̃ β
′

α′ = cαα′c
β′

β T
β
α . This transfor-

mation allows us to write the ‘physics definition’ of tensors as follows.

11.1. Theorem. A tensor of type (p, q) may uniquely be given by np+q numbers

T
j1...jq
i1...ip

called tensor components that transform under change-of-basis transforma-

tions as given by Eq. (11.3).

As T qp (V ) is a vector space, two (p, q)-tensors may be added, whereby

(11.4) (T + S)βα = T βα + Sβα.



MULTIVARIABLE ANALYSIS 25

The power of Theorem 11.1 is that it allows us to describe multiplication of tensors
– this operation takes us out of the space! Namely, let T be a (p, q)-tensor and S
be an (r, s)-tensor; then T ⊗ S is defined as the (p+ r, q + s)-tensor given by

(T ⊗ S)(x1, ...,xp+r, φ
1, ..., φq+s) =

= T (x1, ..., xp, φ
1, ..., φq)S(xp+1, ..., xp+r, φ

p+1, ..., φp+s),
(11.5)

with the coefficients (T ⊗ S)
j1...jq+s

i1...ip+r
given by

(11.6) (T ⊗ S)
j1...jq+s

i1...ip+r
= T

j1...jq
i1...ip

S
jq+1+...jq+s

ip+1...ip+r
,

or

(11.7) (T ⊗ S)βναµ = T βαS
ν
µ

in contracted notation α = (i1, ..., ip), µ = (ip+1, ..., ip+r) and β = (j1, ..., jq), ν =
(jq+1, ..., jq+s). The following algebraic properties immediately follow (proof is
tedious and left to the reader).

11.2. Lemma. Let T, S ∈ T qp (V ) and R ∈ T rs (V ). Then

(T + S)⊗R = T ⊗R+ S ⊗R (distributivity I),(11.8)

R⊗ (T + S) = R⊗ T +R⊗ S (distributivity II),(11.9)

(T ⊗ S)⊗R = T ⊗ (S ⊗R) (associativity).(11.10)

We call the algebra of tensors created by + and ⊗ from T qp (V ) : p, q ≥ 0 is called
the tensor algebra of a vector space V and denoted by T (V ). Indeed, T qp (V ) ⊂ T (V )

for any p, q ≥ 0 with T 0
0 (V ) = R; k ⊗ T = T ⊗ k = kT .

11.3. Theorem. Tensor products of the form εα ⊗ eβ for all α, β form a basis for
T qp (V ), allowing us to write T = T βα ε

α ⊗ eβ (in Einstein notation).

Proof. Let T (x, φ) = T βαx
αφβ ∈ T qp (V ). We compute

(T βα ε
α ⊗ eβ)(x1, ..., xp, φ

1, ..., φq) = T βαx
αφβ ,

as εα(x1, ..., xp) = xi11 · · ·xipp = xα and eβ(φ
1, ..., φq) = φ1

j1
· · ·φqjq = φβ , completing

the proof. □

11.4. Definition. A free vector space of any22 set S over R is the set of formal
(finite NB!) linear combinations

(11.11) RS := {λ1s1 + · · ·λnsn<∞ : s1, ..., sn ∈ S, n <∞}.

Each element s ∈ S gives a (canonical) basis vector 1s.

11.5. Example. Let S = {a, b, c}. Then 2a+ 3b ∈ RS. The space is isomorphic to
R3 in the following way: a 7→ e1, b 7→ e2, c 7→ e3 and extended linearly.

Indeed, E = {e1, ..., en} gives RE ∼= Rn by E ∋ ei 7→ ei ∈ Rn, where in E we
have that ei is a ‘letter’, but in Rn it denotes a vector.

11.6. Remark. For a finite set S = {s1, ..., sn} we often write

(11.12) RS = Rs1 ⊕ Rs2 ⊕ · · · ⊕ Rsn,

where we call ⊕ the formal sum.

22Really, any; it can be of your favourite types of apples or contain each toe of your feet
(preferably, intact).
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11.7. Theorem (T (V ) is a twice-graded algebra). The tensor algebra T (V ) is a
vector space given by a direct (formal) sum of spaces of tensors as follows:

(11.13) T (V ) =

∞⊕
k=0

⊕
p+q=k

T qp (V ) ⫋
∞∏
k=0

∏
p+q=k

T qp (V ),

that is, any element T of the tensor algebra T (V ) may be written as a finite23 linear
combination of tensors

T = Tk1 + · · ·+ Tkm ,

for 0 ≤ k1 < · · · < km, where

Tk ∈
⊕
p+q=k

T qp (V )

is a linear combination of tensors of order k.

12. Tensor construction of the exterior algebra

Recall the group of permutations on {1, ..., p} denoted by Sp. Let σ ∈ Sp be a
permutation; we can count how many elements have their positions switched by σ
– this is called the sign of σ, denoted by (−1)σ.

From now on we will only work with tensors on vectors (i.e. no covectors),
namely, of type (p, 0); by generalisation, we call these multilinear functionals. We
begin by defining σT to be T with the inputs permuted by σ, namely,

(12.1) (σT )(x1, ..., xp) := T (xσ(1), ..., xσ(p)).

We call T ∈ Tp(V ) symmetric if T is unchanged by permuting (switching around)
its inputs

(12.2) σT = T,

or, equivalently, the coefficients are invariant under any permutation of indices:

(12.3) Tσ(i1,...,ip) = Ti1,...,ip

for all σ ∈ Sp.
Similarly, we call T skew-symmetric if T changes sign upon switching inputs

T (x, y) = −T (x, y); of course, switching again or switching another pair yields +,
hence, we define it formally as follows:

(12.4) σT = (−1)σT,

or, equivalently,

(12.5) Tσ(i1,...,ip) = (−1)σTi1,...,ip

for all σ ∈ Sp.
There is a ‘natural’ way to turn any tensor into a symmetric or skew-symmetric

tensor. The reader is already familiar with the fact that the cardinality of Sp is
#Sp = p! = p · (p − 1) · · · 2 · 1; in the definitions below, in some sense, we take
the ‘average’ over all permutations, but in the skew-symmetric case we additionally
‘force’ skewness by introducing the sign!

12.1. Definition. Let T ∈ Tp(V ). Define the symmetrisation SymT and alterna-
tion AltT of T to be the (p, 0) tensor given by

SymT =
1

p!

∑
σ∈Sp

σT and AltT =
1

p!

∑
σ∈Sp

(−1)σσT,(12.6)

respectively. We denote the coefficients of AltT by AltTi1...ip or T[i1...ip].

23This is why T (V ) is a proper subset of the product space.
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It is clear that these mappings T 7→ SymT and T 7→ AltT are linear.

12.2. Lemma. For any T ∈ Tp(V ) we have that SymT is symmetric and AltT is
skew-symmetric.

12.3. Lemma. Alt ◦Alt = Alt and Alt ◦σ = (−1)σ Alt, σ ◦ Alt = (−1)σ Alt for
any σ ∈ Sp.

12.4. Lemma (Characterisation on skew-symmetry). Let T ∈ Tp(V ) be a multilin-
ear functional. The following are then equivalent:

(1) T is skew-symmetric;
(2) AltT = T ;
(3) Tiσ(1)...iσ(p)

= (−1)σTi1...ip for any σ ∈ Sp;

(4) T[i1...ip] = Ti1...ip ;
(5) There exists a B ∈ Tp(V ) such that T = AltB.

12.5. Theorem. We recover the sign definition24 of the determinant:

(12.7) det

x
1
1 · · · xp1
...

...
x1p · · · xpp

 = p!x
[1
1 · · ·xp]p = p!x1[1 · · ·x

p
p].

Proof. Indeed, for any T ∈ Tp(V ) we have

T[i1...ip] = AltT (ei1 , ..., eip)

=
1

p!

∑
σ∈Sp

(−1)σ(σT )(ei1 , ..., eip)

=
1

p!

∑
σ∈Sp

(−1)σT (eσ(i1), ..., eσ(ip))

=
1

p!

∑
σ∈Sp

(−1)σTσ(i1)...σ(ip).

Then,

p!x
[1
1 · · ·xp]p =

∑
σ∈Sp

(−1)σx
σ(1)
1 · · ·xσ(p)p ,

p!x1[1 · · ·x
p
p] =

∑
σ∈Sp

(−1)σx1σ(1) · · ·x
p
σ(p),

which matches the sign definition of determinant. □

We now have the necessary tools to construct the exterior algebra. Recall that
the cross product of two vectors is anti-symmetric: v × w = −w × v; considering
tensors, this requires skew-symmetry.

12.6. Definition. The external product T ∧ S ∈ Tp+q(V ) of two skew-symmetric
multilinear functionals T ∈ Tp(V ) and S ∈ Tq(V ) is defined as25

(12.8) T ∧ S =
(p+ q)!

p! q!
Alt(T ⊗ S).

24This is NOT the definition we will ultimately adopt.
25It must be remarked that from this point onwards we will differ from Postnikov ; there are

two conventions for the wedge: one with the factorial factor and one without. Ultimately, there
is one extremely important and useful formula formula we wish to reach, namely, Theorem 12.11,

stating how to evaluate a wedge product; adopting Postnikov’s convention, this formula will
have a factorial factor and ruin the geometric interpretation and its use in integrals. It will

similarly ruin defining a natural identification between external product tensors acting on wedges of

vectors. For a contemporary discussion (by proper mathematicians), see https://mathoverflow.

net/questions/54343/is-there-a-preferable-convention-for-defining-the-wedge-product.

https://mathoverflow.net/questions/54343/is-there-a-preferable-convention-for-defining-the-wedge-product
https://mathoverflow.net/questions/54343/is-there-a-preferable-convention-for-defining-the-wedge-product
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12.7. Proposition (Associativity). The external product is associative:

(12.9) (A ∧B) ∧ C = A ∧ (B ∧ C).

Proof. For any σ ∈ Sp define σ′ ∈ Sp+q to be σ on the first p numbers and the
identity on the others; then σ 7→ σ′ is clearly an injective group homomorphism
that preserves the sign (−1)σ

′
= (−1)σ. For any T ∈ Tp+q(V ) define the alternator

on the first p numbers to be

(12.10) altp T =
1

p!

∑
σ∈Sp

(−1)σσ′T.

We quickly show Alt(altT ) = AltT ; indeed, by linearity,

Alt(altT ) = Alt

 1

p!

∑
σ∈Sp

(−1)σσ′T

 =
1

p!

∑
σ∈Sp

(−1)σ Alt(σ′T )

=
1

p!

∑
σ∈Sp

(−1)σ(−1)σ
′
AltT = AltT · 1

p!

∑
σ∈Sp

1

= AltT.

Now, let A ∈ Tp(V ), B ∈ Tq(V ), and C ∈ Tr(V ). Then

(A ∧B) ∧ C) = (p+ q + r)!

(p+ q)! r!
Alt((A ∧B)⊗ C)

=
(p+ q + r)!

(p+ q)! r!
Alt(

(p+ q)!

p! q!
altp+q(A⊗B ⊗ C))

=
(p+ q + r)!

p! q! r!
Alt(A⊗B ⊗ C)

and, similarly (we redefine altp for the last p elements),

A ∧ (B ∧ C) = (p+ q + r)!

p! q! r!
Alt(A⊗B ⊗ C),

completing the proof. □

12.8. Proposition (Skew-commutativity). Let T ∈ Tp(V ) and S ∈ Tq(V ). Then

(12.11) S ∧ T = (−1)pq T ∧ S.

Proof. We compute

(S ⊗ T )(x1, ..., xp+q) = S(x1, ..., xq)T (xq+1, ..., xq+p)

= T (xq+1, ..., xq+p)S(x1, ..., xq)

= (T ⊗ S)(xq+1, ..., xq+p, x1, ..., xq)

= σ(T ⊗ S)(x1, ..., xq),

which gives

S ∧ T =
(p+ q)!

p! q!
Alt(A⊗ T ) =

(q + p)!

q! p!
(−1)σ Alt(T ⊗ S) = (−1)σT ∧ S,

where (−1)σ = (−1)pq as p exchanges are required to move x1 to the front, and
similarly for x2 to the 2nd position, and so on; as there are a total of q such elements
to be moved, and each requires p flips, (−q)σ = ((−1)p)

q
= (−1)pq, completing the

proof. □
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Finally, distributivity

(12.12) (A+B) ∧ C = A ∧ C +B ∧ C
is obvious (or left to the reader ,).

Now, Λp(V ) ⊆ Tp(V ), the set of all skew-symmetric multilinear functionals in
Tp(V ), is a subspace (under +). In the cases p = 0, 1 we have no restriction imposed
by skew-symmetry, hence

Λ0(V ) = T0(V ) = R,(12.13)

Λ1(V ) = T1(V ) = V ∗.(12.14)

Similarly as for T (V ), now + and ∧ make an algebra from each Λp(V ), which we
call the exterior algebra of the dual of V , denoted by Λ∗(V ). Indeed, the ‘dual’ in
the name is evident from the fact that Λ1(V ) = V ∗, and all others are multilinear
functionals.

Whereas T (V ) was a twice graded algebra – once from order r = p + q and
twice from all T qp (V ) with p + q = r, or, equivalently, by p ≥ 0 and q ≥ 0 –, the
exterior algebra of the dual Λ∗(V ) is graded only by one parameter p ≥ 0 in Λp(V ).
Even worse than that, whereas dimT (V ) = ∞ as a formal vector space (cf. [ADD
DEFINITITION]), instead dimΛ∗(V ) < ∞. The value is, in fact, determined by
skew-symmetry interacting with linearly dependent vectors.

12.9. Lemma. Let xp ∈ Span{x1, ..., xp−1}. Then for any T ∈ Λp(V ) we have

(12.15) T (x1, ..., xp) = 0.

Proof. First note that if (any) one of the vectors repeats, namely, T (x, x, ...), then
by skew-symmetry T (x, x, ...) = −T (x, x, ...) after exchanging x ↔ x, but this is
the same expression, therefore T (x, x, ...) = 0. We then have, by multilinearity,

T (x1, ..., xp) = T (x1, ..., xp−1, a
1x1 + · · ·+ ap−1xp−1)

= a1T (x1, ..., xp−1, x1) + · · ·+ ap−1T (x1, ..., xp−1, xp−1)

= 0

as the vectors repeat, completing the proof. □

12.10.Theorem. Let dimV <∞. Then Λ∗(V ) is a finitely-graded algebra, namely,

(12.16) Λ∗(V ) =

dimV⊕
p=0

Λp(V ).

Remark: Since the direct product is finite, it is isomorphic to the product space.

Proof. Let n = dimV <∞. Written out, the statement reads

(12.17) Λ∗(V ) = R⊕ V ∗ ⊕ Λ2(V )⊕ · · · ⊕ Λn(V ).

Now, in a space of dimension n there can be no more than n independent vectors;
then for any p > n we will have that at least one vector in the arguments of T ∈
Λp(V ) is a linear combination of the others, thus, by Lemma 12.9, T (x1, ..., xp) = 0
for every choice of x1, ...xp. Therefore T = 0 and Λp(V ) = {0} is the trivial space;
note that {0} ⊕W ∼= {0} ×W ∼=W for any space W , proving the theorem. □

We have already met one instance of the determinant; indeed, the determinant
belongs completely to the field of multivariable analysis! The reader is likely famil-
iar only with the algebraic aspects; indeed, there is a far more geometric aspect.
We shall now show an extremely important, yet so simple, identity involving the
determinant (defined by the ‘usual’ sign definition) that will lead to our beautiful
definition of the determinant. This identity is the one used in computations: how
to actually compute the value of the tensor product?
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12.11. Theorem. For any φ1, ..., φp ∈ V ∗ and any x1, ..., xp ∈ V we have

(12.18) (φ1 ∧ · · · ∧ φp)(x1, ..., xp) = det

φ
1(x1) · · · φ1(xp)
...

...
φp(x1) · · · φp(xp)

 .

Proof. We compute

(φ1 ∧ · · · ∧ φp)(x1, ..., xp) =
p!

1! · · · 1!
(Alt(φ1 ∧ · · · ∧ φp))(x1, ..., xp)

= p!
1

p!

∑
σ∈Sp

(−1)σ(φ1 ⊗ · · · ⊗ φp)(x1, ..., xp)

=
∑
σ∈Sp

(−1)σφ1(xσ(1)) · · ·φp(xσ(p))

= det((φi(xj))
i
j),

where the last equality follows by Theorem 12.5. □

12.12. Lemma. Let φ1, ..., φp ∈ V ∗. Then φ1∧· · ·∧φp = 0 if and only if φ1, ..., φp

are linearly dependent.

Proof. If φp = aiφ
i, then, by distributivity and skew-commutativity,

φ1 ∧ · · · ∧ φp = φ1 ∧ · · · ∧ φp−1 ∧ (aiφ
i) = ai(φ1 ∧ · · · ∧ φp−1 ∧ φi)

= ai(φ1 ∧ · · · ∧ φi ∧ · · · ∧ φp−1 ∧ φi)
= (±) ai(φ1 ∧ · · · ∧ φi ∧ φi ∧ · · · ∧ φp−1)

= 0.

We now show the converse; suppose φi are all independent. Then they may be
extended to a basis β1 = φ1, ..., βp = φp, βp+1, ..., βn of V ∗; let the conjugate basis
be b1, ..., bn ∈ V . Then

(φ1 ∧ · · · ∧ φp)(b1, ..., bp) = det

φ
1(b1) · · · φ1(bp)
...

...
φp(b1) · · · φp(bp)

 = det

1 · · · 0
...

...
0 · · · 1

 = 1,

meaning that φ1 ∧ · · · ∧ φp ̸= 0, showing independence. □

12.13. Theorem. Let ε1, ..., εn ∈ V ∗ be a dual basis for V . A basis for Λp(V ) is
given by εI := εi1 ∧ · · · ∧ εip , where 1 ≤ i1 ≤ · · · ≤ ip ≤ n. We use εI to denote a
wedge of an increasing sequence. Additionally, the dimension is

(12.19) dimΛp(V ) =

(
n

p

)
.

Proof. By Lemma 12.12, products εI are independent. Let T ∈ Λp(V ) be any skew-
symmetric tensor T = AltT ; any tensor is of the form T = Ti1...ipε

i1 ⊗ · · · ⊗ εip .

Then T = Ti1...ipε
i1 ∧ · · · ∧ εip , which equals zero upon repeated indices; therefore,

the sum consists only of different indices i1, ..., ip. Indeed, by skew-commutativity,
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upon exchanging the order by σ ∈ Sp only the sign changes as follows:

T =
∑

i1<···<ip

∑
σ∈Sp

Tiσ(1)...iσ(p)
εiσ(1) ∧ · · · ∧ εiσ(p)

=
∑

i1<···<ip

∑
σ∈Sp

(−1)σTi1...ip(−1)σεi1 ∧ · · · ∧ εip

= p!
∑

i1<···<ip

Ti1...ipε
i1 ∧ · · · ∧ εip

= p!TIε
I

This means that Λp(V ) is spanned by εI for increasing I, which completes the
proof. □

13. Determinant

??
Given a linear map L : V → V , and a basis e1, ..., en of V we can express

(13.1) L(v) = φi(v)ei = φ1(v)e1 + · · ·+ φn(v)en

for some φ1, ..., φn ∈ V ∗. This immediately suggests a relation between the (unique)
number detL ∈ R and the wedge-property of the determinant – Theorem 12.11.
Namely, let v1, ..., vn be completely arbitrary vectors in V , and consider the matrix
A = e[L]e associated with L and bases e for both the domain and codomain; we
arrange the vector coefficients in the e basis into a matrix B = [[v1]e, ..., [vn]e].

The notation (ΛnL)(v1, ..., vn) := (φ1 ∧ · · · ∧φn)(v1, ..., vn) is very well chosen –
indeed, we say that ΛnV is the n-multilinear map associated with L; namely: how
does L change the volume of the n-parallelogram spanned by any n vectors? Recall
that [L(vi)]e denotes the coefficients of the vector L(vi) in the e basis. Then one
final computation reveals the magic:

(ΛnL)(v1, ..., vn) : = (φ1 ∧ · · · ∧ φn)(v1, ..., vn)

= det

φ
1(x1) · · · φ1(xp)
...

...
φp(x1) · · · φp(xp)


= det[[L(v1)]e, ..., [L(vn)]e]

= det[A[v1]e, ..., A[vn]e]

= det(AB)

= detA · detB
= detL · det[[v1]e, ..., [vn]e]
= detL · (ε1 ∧ · · · ∧ εn)(v1, ..., vn)
= detL · (Λn id)(v1, ..., vn),

(13.2)

namely:

13.1. Theorem (Geometrical definition of the determinant). The determinant
detL of any linear map L : V → V is the unique constant with which L linearly
changes the n-volume of any n-parallelogram, where n = dimV .

This immediately shows that if kerL ̸= {0}, namely, L sends some line to zero,
or L is not invertible, then detL = 0.

Already, this suggests that we should formalise n-parallelograms and maps on
n-parallelograms in such a way that the fact that L is associated with a unique
such map is encompassed. We have defined the exterior algebra as consisting of
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skew-symmetric tensors; the tensor is zero if the arguments are linearly dependent:
why not encompass this same idea by ‘wedging’ vectors?

14. Exterior algebra

By some cruel irony, what we constructed in the previous section was in fact the
dual exterior algebra , – we have, in essence, defined linear functions on vectors
before defining vectors. This is not all that crazy if we recall how subspaces could be
defined by zeros of linear functionals; indeed, in these notes the concept of duality
is King. His Queen is a pull-back.26

The two are closely linked, as we shall see.
As per the previous §§, we wish to look at k-dimensional parallelograms (also

called parallelipipeds, parallelotopes, or blades) spanned by v1, ..., vk ∈ V on which
we can evaluate multilinear maps by Theorem 12.11; the dimension will, of course,
equal k if and only if the vectors are independent. Let dimV = n. We first observe
the properties of Λk(V ) and Λ∗(V ) constructed previously:

(1) Λk(V ),Λ∗(V ) are vector spaces under +;
(2) Λ∗(V ) is a skew-commutative ring under +,∧, additionally requiring:

(a) Λ0(V ) ∼= R and 1 ∧ T = T ∧ 1 = T for any T ∈ Λ∗(V ),
(b) (A ∧B) ∧ C = A ∧ (B ∧ C) for all A,B,C ∈ Λ∗(V ),
(c) (A+B) ∧ C = (A ∧ C) + (B ∧ C) for all A,B,C ∈ Λ∗(V ),
(d) A ∧B = (−1)pqB ∧A for all A ∈ Λp(V ), B ∈ Λq(V );

(3) φ1 ∧ · · · ∧ φk ̸= 0 if and only if φ1, ..., φk ∈ V ∗ are independent;
(4) Λ∗(V ) =

⊕n
k=0 Λk(V ) as a direct product;

(5) the elements εI = εi1 ∧ · · · ∧ εik form a basis of Λk(V ), where I = i1 . . . ik
is an increasing sequence from 1, ..., n.

We are now in a position to form the definition along the lines of Λ(V ) ∼= (Λ∗(V ))∗

and ΛkV ∼= (ΛkV )∗. The intuition behind what follows is less that of tensors,
but more of parallelograms: for two vectors v1, v2 ∈ V we think of v1 ∧ v2 as
the oriented parallelogram spanned by v1 and v2; indeed, we can identify this
wedge with the cross product. Then wedges of more vectors correspond to higher
dimensional oriented parallelograms (in three dimensions – prisms), with the sums
being disjoint unions.

Indeed, thinking of all parallelograms is too general; for the purposes of integra-
tion we wish to consider parallelograms with equal volume and the same orientation
as being equivalent – the wedge v1 ∧ v2 is such a parallelogram up to equivalence;
we will show in a moment that this follows from the definition.

14.1. Definition (Exterior algebra). Let dimV = n < ∞. The exterior algebra
ΛV , +, ∧ is a real vector space under + that contains as subspaces V and R ̸⊆ V
(formally distinct27 from V ), and is the direct sum

(14.1) ΛV =

n⊕
k=0

ΛkV,

where Λ0V = R, Λ1V = V , and ΛkV = Span{v1 ∧ · · · ∧ vk : v1, ..., vk ∈ V } for
k ≥ 2, such that:

(1) 1 ∧ x = x ∧ 1 = x for all x ∈ ΛV (unit),
(2) (x ∧ y) ∧ z = x ∧ (y ∧ z) for all x, y, z ∈ ΛV (associativity),

26If the reader objects to this order, I claim that it would have been foolish to begin the
previous section with (0, q) tensors instead – these tensors are in principle maps on functionals;
we would be defining how to evaluate maps before defining the functions... Indeed, the essence is
faulty.

27If needed, R1 = Span{1} with 1 /∈ V .
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(3) (x+ ay) ∧ z = x ∧ z + a(y ∧ z) and x ∧ (y + az) = x ∧ y + a(x ∧ z)
for any x, y, z ∈ ΛV and a ∈ R (bilinearity/distributivity),

(4) v ∧ w = −w ∧ v for any vectors v, w ∈ V (antisymmetry),
(5) v1 ∧ · · · ∧ vk ̸= 0 if v1, ..., vk ∈ V are independent (basis).

14.2. Remark. The definition calls for formal remarks28 and examples.

(1) For any v ∈ V we have v ∧ v = 0: by antisymmetry v ∧ v = −v ∧ v, hence
2(v ∧ v) = 0, which implies v ∧ v = 0.

(2) For dependent v1, ..., vk ∈ V we have that some vj may be expressed as
a linear combination of the others; let vk = a1vi := a1v1 + · · · + ak−1vk1 .
Then

v1 ∧ · · · ∧ vk = v1 ∧ · · · ∧ vk−1 ∧ (aivi) = a1(v1 ∧ · · · ∧ vk−1 ∧ vi)
= ±ai(v1 ∧ · · · ∧ vi ∧ vi ∧ · · · ∧ vk−1) = ±ai · 0 = 0.

Hence v1 ∧ · · · ∧ vk ̸= 0 if and only if v1, ..., vk ∈ V are independent – the
‘if’ in the definition (5) implies ‘if and only if’.

(3) Let us see an example for V = R2. We have that Λ0V = R1, where we
indicate a span of 1 to emphasise that Λ0V ̸⊆ V ; these are simply numbers,
e.g. 1, π, 6. Similarly, Λ1V = R2 consists of vectors in R2: u = (a, b) =
ae1 + be2 (in the standard basis e1, e2). Now, the first interesting case is
Λ2V = {u∧ v : u, v ∈ R2}; we consider all possible wedges of basis vectors:
e1 ∧ e1, e1 ∧ e2, e2 ∧ e1, e2 ∧ e2. Now, for equal vectors the wedges are
zero, namely, e1∧e1 = e2∧e2 = 0, whereas for non-equal, however, linearly
dependent: e2 ∧ e1 = −e1 ∧ e2. By bilinearity, any u ∧ v will be a linear
combination of wedges of basis vectors; we find only one independent wedge
e1 ∧ e2, which forms the basis of Λ2R2 = Span{e1 ∧ e2}, which implies that
dimΛ0R2 = 1, dimΛ1R2 = 2, and dimΛ2R2 = 1. These appear to be
coefficients of Pascal’s triangle...

An element in ΛR2 is of the form

a+ (be1 + ce2) + d e1 ∧ e2,
where a, b, c, d ∈ R are constants.

(4) Indeed, for V = R3 we find the following independent wedges of basis
vectors: e1 ∧ e2, e1 ∧ e3, e2 ∧ e3 ∈ Λ2R3 and e1 ∧ e2 ∧ e3 ∈ Λ3R3. This gives
the dimensions

dimΛ0R3 = 1, dimΛ1R3 = 3, dimΛ2R3 = 3, dimΛ3R3 = 1,

which again are coefficients in Pascal’s triangle.
(5) We explore an example of the ‘parallelogram up to equal area and orienta-

tion’ argument: consider the space V = R2 and vectors v1 = ae1 + be2 and
v2 = ce1 + de2 with e1, e2 being the standard basis vectors; the parallelo-
gram spanned by these vectors is given below.

x

y

h

(a, b)

(a+ c, b+ d)

(c, d)

28As in, more explicit than endless yapping in the main text...
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The area of this parallelogram may be computed geometrically as base
times height: the base is given by (0, 0) − (a, b) with length

√
a2 + b2; we

find the height from its vector: h is perpendicular to (0, 0)− (a, b), thus is
oriented by the unit vector n̂ = n/||n||, where n is given by

n =

(
0 −1
1 0

)
v1 =

(
0 −1
1 0

)(
a
b

)
=

(
−b
a

)
,

namely, n̂ = n/
√
a2 + b2. Now, v2 + αn must intersect the base, namely,(

c
d

)
+ α

(
−b
a

)
= β

(
a
b

)
or, rewriting to matrix form,(

b a
−a b

)(
α
β

)
=

(
c
d

)
which has a solution by taking the inverse of the matrix(

α
β

)
=

1

a2 + b2

(
b −a
a b

)(
c
d

)
,

namely, α = (bc−ad)/(a2+b2), hence h = ||αn|| = |α|
√
a2 + b2. Therefore,

the area is

Area =
√
a2 + b2 · h =

√
a2 + b2

|bc− ad|√
a2 + b2

= |bc− ad| = |ad− bc|.

This should remind the reader of the determinant.
Now, instead, we compute the wedge

v1 ∧ v2 = (ae1 + be2) ∧ (ce2 + de2)

= ae1 ∧ (ce1 + de2) + be2 ∧ (ce1 + de2)

= ac(e1 ∧ e1) + ad(e1 ∧ e2) + bc(e2 ∧ e1) + bd(e2 ∧ e2)
= 0 + ad(e1 ∧ e2)− bd(e1 ∧ e2) + 0

= (ad− bd)(e1 ∧ e2).

Therefore, we see that the coefficient in front of the wedge is the signed
area! Indeed, we shall see that area evaluates as the determinant of the
parametrisation (cf. Theorems 12.11 and 14.4) – in linear algebra it was
the formula A = |det[v1, v2] | = |ad− bd|, which we show in this course.

Needless to say, this linear algebra method allows for far easier compu-
tation of areas than via Euclidean geometry.

(6) We can identify the cross product in V = R3, namely, × : R3 × R3 → R3,
with a wedge of u, v ∈ R3 by u × v = Φ(u ∧ v), where Φ : Λ2R3 → R3 is
given by

Φ(e1 ∧ e2) = e1, Φ(e1 ∧ e3) = −e2, Φ(e2 ∧ e3) = e3,

and extended linearly (we will see below that the three wedge products
constitute a basis for Λ2R3). Let u = (u1, u2, u3) and v = (v1, v2, v3).
Indeed, a computation shows

u× v =

∣∣∣∣∣∣
e1 e2 e3
u1 u2 u3

v1 v2 v3

∣∣∣∣∣∣ = (u2v3 − u3v2)e1 − (u1v3 − u3v1)e2 + (u1v2 − u2v1)e3,

u ∧ v = (u2v3 − u3v2)e1 ∧ e2 − (u1v3 − u3v1)e1 ∧ e3 + (u1v2 − u2v1)e2 ∧ e3.
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(7) The reader may have seen to Area(v1, v2) = |det[v1, v2] | a similar expres-
sion Vol(v1, v2, v3) = |det[v1, v2, v3] | for the volume of a prism spanned by 3
vectors in R3. Indeed, this is equal to the triple product Vol = |v1 ·(v2×v3)|.
Notably, however,

v1 ∧ v2 ∧ v3 = det[v1, v2, v3]e1 ∧ e2 ∧ e3,
and thus the constant in front of e1 ∧ e2 ∧ e3 is the signed volume.

This immediately generalised to any dimension: the signed n-volume
Voln(v1 ∧ · · · ∧ vn) of an n-parallelogram spanned by n vectors v1, ..., vn in
Rn is the unique constant that satisfies

v1 ∧ · · · ∧ vn = Voln(v1 ∧ · · · ∧ vn)e1 ∧ · · · ∧ en,
alternatively: Voln(v1 ∧ · · · ∧ vn) = det[v1, ..., vn].

(8) A good shorthand notation is the use the multi-index e1 ∧ e2 = e12, and,
similarly, e1 ∧ · · · ∧ ek = e1...k and ε1 ∧ · · · ∧ εk = ε1...k, or, for some
arbitrary increasing sequence I = (i1, ..., ik) : 1 ≤ i1 ≤ · · · ≤ ik ≤ n we
write εi1 ∧ · · · ∧ εik = εI .

14.3. Lemma (Basis). Given a basis e1, ..., en of V , we have that eI = ei1 ∧· · ·∧eik
is a basis for ΛkV , where I is an increasing sequence 1 ≤ i1 < · · · < ik ≤ n.
Additionally,

(14.2) dimΛkV =

(
n

k

)
.

Proof. Since any x ∈ ΛkV is a linear combination of terms v1 ∧ · · · ∧ vk, we have
by bilinearity,

v1 ∧ · · · ∧ vk = (vi11 ei1) ∧ · · · ∧ (vikk eik)

= vi11 · · · vikk ei1 ∧ · · · ∧ eik
= (−1)σvIeI ,

where i1, ..., ik may be reordered by σ ∈ Sk to an increasing I with sign (−1)σ,
completing the basis proof. Combinatorially, the number of ways to pick increasing
k-tuples from {1, ..., n} is the same as picking k distinct elements, which is

(
n
k

)
by

definition. □

14.4. Theorem (Evaluation). Canonically, Λk(V ∗) ∼= Λk(V ) ∼= (ΛkV )∗ by

(φ1∧· · ·∧φk)(v1∧· · ·∧vk) = (φ1∧· · ·∧φk)(v1, ..., vk) = det

φ
1(v1) · · · φ1(vp)
...

...
φp(v1) · · · φp(vp)


extended linearly is an isomorphism.

Proof. Let e1, ..., en be a basis of V with dual basis ε1, ..., εn ∈ V ∗. By Lemma 14.3,
we have the basis eJ for ΛkV and εI for Λk(V ∗). Then let I : Λk(V ∗) → (ΛkV )∗

be given by

I (φ1 ∧ · · · ∧ φk)(v1 ∧ · · · ∧ vk) = det

φ
1(v1) · · · φ1(vp)
...

...
φp(v1) · · · φp(vp),


hence

I (εI)(eJ) =

{
1 if I = J

0 if I ̸= J
= δIJ ,

which shows that I (εI) is a dual basis to eJ , hence (ΛkV )∗ ∼= Λk(V ). The middle
isomorphism is revealed by Theorem 12.11. □
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Due to the natural isomorphism between Λk(V ∗) and (ΛkV )∗, we define an
evaluation of φ1 ∧ · · · ∧ φk on v1 ∧ · · · ∧ vk as above.

We may define how a linear map acts on k-parallelograms.

14.5. Definition. Let L : V →W be linear; define the induced map ΛkL : ΛkV →
ΛkW to be the linear map given by

(14.3) (ΛkL)(v1 ∧ · · · ∧ vk) = (Lv1) ∧ · · · ∧ (Lvk)

and extended linearly

(14.4) (ΛkL)(ax+ by) = a(ΛkL)(x) + b(ΛkL)(y).

We let Λ0L(1) = 1.

14.6. Example. Let L : R2 → R2 be given by Le1 = ae1+ce2 and Le2 = be1+de+2,
namely, represented by matrix (

a b
c d

)
.

Then Λ0L = idR, Λ
1L = L, and

(Λ2L)(e1 ∧ e2) = (Le1) ∧ (Le2) = (ae1 + ce2) ∧ (be1 + de2)

= (ab− cd)e1 ∧ e2,

hence we see that Λ2L = (detL) idΛ2R2 . This is not a coincidence; indeed, recall the
construction in § 13 – any linear map may be decomposed into functionals, which
makes ΛnL an n-wedge of functionals that evaluates as a determinant.

This shows that the sign definition of the determinant agrees with the geometrical
definition below. Recall that for dimV = n we have dimλnV =

(
n
n

)
= 1, and the

only linear map from a 1-dimensional space into itself is scalar multiplication by a
constant.

14.7. Definition. Let L : V → V be linear, and denote dimV = n; the determinant
of L is defined as the unique real number satisfying

(14.5) ΛnL = (detL) idΛnV .

We define the determinant of the matrix A ∈ Rn×n to be detA = detLA, where
LA(v) = Av.

15. Pull backs of k-forms

Given some ω ∈ Λk(W ∗), we want to define an analogous form on Λk(V ∗) that is
related to ω through a linear map L : V →W . Recall that L defines the pull-back
map L∗ : W ∗ → V ∗ given by (L∗φ)(v) = (φ ◦ L)(v) = φ(L(v)), which induces
Λk(L∗) : Λk(W ∗) → Λk(V ∗) given by Λk(L∗)(φ1 ∧ · · · ∧ φk) = L∗φ1 ∧ · · · ∧ L∗φk.
The diagram below illustrates the pull-back definition for any ω ∈ Λk(W ∗); all
arrows represent linear maps.



MULTIVARIABLE ANALYSIS 37

(v1, ..., vk) V k W k (Lv1, ..., Lvk)

v1 ∧ · · · ∧ vk ΛkV ΛkW Lv1 ∧ · · · ∧ Lvk

R ω(Lv1 ∧ · · · ∧ Lvk)

L×···×L

L×···×L

π π′

L∗ω=Λk(L∗)(ω)

ΛkL

L∗ω
ω

Indeed, in principle, only the bottom triangle is needed to define the pull-back;
all arrows are linear maps; the rest defines29 the construction of ΛkL.

15.1. Definition. Let L : V → W be a linear map. The pull-back of ω ∈ Λk(W ∗)
along L is the form in Λk(V ∗) given by L∗ω := Λk(L∗)(ω) = ω ◦ ΛkL, namely, for
any k-form ω = φ1 ∧ · · · ∧ φk we have

L∗(φ1 ∧ · · · ∧ φk) = L∗φ1 ∧ · · · ∧ L∗φk

= (φ1 ◦ L) ∧ · · · ∧ (φk ◦ L).
(15.1)

15.2. Lemma. Let L : V →W be linear, φ1∧· · ·∧φk ∈ Λk(W ∗) and v1, ..., vk ∈ V .
We have

L∗(φ1 ∧ · · · ∧ φk)(v1 ∧ · · · ∧ vk) = det

φ
1(Lv1) · · · φ1(Lvk)
...

...
φk(Lv1) · · · φk(Lvk)

 .

Proof. The statement follows by the evaluation of k-forms (Theorem 14.4). □

15.3. Lemma (Properties of the pull-back of forms). Let V
L−→W

M−→ U be linear.
Let ω, α be k-forms on W , let η be an ℓ-form on W ; namely, ω, α ∈ Λk(W ∗),
η ∈ Λℓ(W ∗). Let r, s ∈ R. Then

(1) L∗(rα+ sω) = rL∗α+ sL∗ω (pull-back is linear);
(2) L∗(η ∧ ω) = (L∗η) ∧ (L∗ω) (each component is pulled independently);
(3) L∗M∗ = (M ◦ L)∗ (composition of pull-backs is a

pull-back of the composition).

Proof. (1). We have that L∗ = Λk(L∗) is linear.
(2). Let ω = ω1 ∧ · · · ∧ ωk and η = η1 ∧ · · · ∧ ηℓ. We have

L∗(η ∧ ω)(v1 ∧ · · · ∧ vk+ℓ) = (η ∧ ω)(Lv1 ∧ · · · ∧ Lvk+ℓ)

= (η1 ∧ · · · ∧ ηℓ ∧ ω1 ∧ · · · ∧ ωk)(Lv1 ∧ · · · ∧ Lvk+ℓ)

= (L∗η1 ∧ · · · ∧ L∗ηℓ ∧ L∗ω1 ∧ · · · ∧ L∗ωk)(v1 ∧ · · · ∧ vk+ℓ)
= ((L∗η) ∧ (L∗ω))(v1,∧ · · · ∧ vk+ℓ),

proving the statement.

29I decided to include it because we want to make everything dependent on the linear map L;
that is, ΛkL is not some arbitrary linear map, but is uniquely determined by L!
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(3). Let b = (bJ)#J=k, for J ⊆ {1, ..., n} increasing, be a basis of ΛkV . Then

ΛkM ◦ ΛkL(bJ) = ΛkM(LbJ1 ∧ · · · ∧ LbJk)
= (M ◦ L)bJ1 ∧ · · · ∧ (M ◦ L)bJk
= Λk(M ◦ L)bJ .

Then for any θ ∈ Λk(U) we have

L∗M∗θ = L∗(θ ◦ ΛkM) = θ ◦ ΛkM ◦ ΛkL = θ ◦ Λk(M ◦ L) = (M ◦ L)∗θ.
□
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Part 4. Differentiation and integration of forms

Essentially in this section we genralise the fundamental theorem of calculus to
higher dimensions; indeed, the reader has already met many of these in calculus:
Green’s, Stokes’, and Gauss’ divergence theorems are all examples of a more general
statement.

Recall the fundamental theorem:

(1) firstly, for any f there exists a function F ‘primitive’ such that f may be
written as the derivative of F , namely, f = F ′;

(2) secondly, integrating f ′ from a to b yields f(b)− f(a), namely, f evaluated
on the boundary of [a, b]

The fundamental theorem of multivariable analysis will be:

(1) firstly, Poincar e lemma guarantees the existence of a primitive under a
condition:

(2) secondly, Stokes’ theorem states that evaluation of a ‘derivative’ is the same
as evaluating the primitive along the boundary.

16. Forms

What is a ‘derivative’, really? We know of three examples already; we give them
in a specific order – can you guess what it is? –:

(1) gradient,
(2) curl, and
(3) divergence.

Recall that for f : R → R we call f ′ the first derivative, and the function f itself
– the zeroth derivative. We want to call k-th order derivatives ‘k-forms’; as such,
we can say that functions f : P ⊆ V → R are 0-forms, and their derivatives
f ′ : P → Hom(V,R) are 1-forms.

(For completeness, in the preceding text, let V be a finite-dimensional real vector
space, and P ⊆ V be an open subset (with respect to a norm).)

For now consider V = R3. Then f ′ = ∇f . We know that a curl takes a vector-
valued function, namely, F : P → V and returns ∇ × F , which we have seen
for exterior algebra, is a wedge of two functionals: a ‘2-form’. Recall likewise the
divergence ∇ · F that returns a scalar; but the dimension of Λ3(R3) = 1, meaning
that any 3-form is just a scalar multiple of dx ∧ dy ∧ dz (or ε123 = ε1 ∧ ε2 ∧ ε3

in different notation); the divergence at any point considers all three partials, thus
can be considered to map into ‘3-forms’.

Let us adopt Grad f , Curl f , and Div f instead of the notation with nabla. The
exact domains and codomains we do not yet formalise; this is still a motivating
discussion. Gradient sends 0-forms into 1-forms, curl 1-forms into 2-forms, and,
finally, divergence – 2-forms into 3-forms. We know that CurlGrad f = 0 and
DivCurlF = 0; or, image of Grad lives in the kernel of Curl, i.e. imGrad ⊆ kerCurl
and imCurl ⊆ kerDiv.

Whenever imφ ⊆ kerψ, we denote this fact with the diagram

0 → X
φ−→ Y

ψ−→ Z → 0,

called a chain (or co-chain) complex. If imφ = kerψ we call it can exact.
Denoting30 k-forms (k = 0, 1, 2, 3) by Ωk(P ), we thus obtain a chain complex31

(16.1) 0 Ω0(P ) Ω1(P ) Ω2(P ) Ω3(P ) 0.Grad Curl Div

30Cf. definition below.
31Note that Ωn≥4(P ) = 0 (trivial vector space), hence we have the zero at the end.
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Crucially, we see that we want to define a derivative on k-forms as something that
takes k-forms and returns (k+1)-forms, whereby the usual differentiation operation
is carried out on components. And we want this derivative to satisfy the diagram
in (16.1); namely, denoting the derivative by d, we want d ◦ d = 0.

We have just seen that 0-forms are functions from P to R, 1-forms are maps
from P to Hom(V,R) = V ∗ = Λ1(V ∗), 2-forms are maps from P to 2-wedges of
functionals Λ2(V ∗); and so k-forms are P → Λk(V ∗), as formalised below.

16.1. Definition (k-form). Let V be a finite-dimensional vector space, and P be
an open subset with respect to a norm. A (differential) k-form ω on P ⊆ V is a
map ω : P → Λk(V ∗); we denote the set of all k-forms on P by Ωk(P ).

Sometimes we wish to only consider forms that are continuous, denoted Ωk1(P );
in case of continuous higher-order derivatives, j-times continuously differentiable –
Ωkj (P ).

We define multiplication by functions f : P → R and wedges of forms pointwise
and linearly:

(ω + fη)(p) = ω(p) + f(p)η(p), (ω ∧ η)(p) = ω(p) ∧ η(p).(16.2)

16.2. Example. Some examples:

(1) Take V = R2; then ω(x, y) = xε1 is a 1-form and ω(x, y) = xyε1 ∧ ε2 is a
2-form.

(2) Take V = R3; then ω(x, y, z) = xy(z + 1)ε12 + yε13 is a 2-form, and
ω(x, y, z) = f(x, y, z)ε123 characterises all 3-forms as dimΛ3(R3) = 1.

(3) [MORE INTERESTING EXAMPLES? SOMETHING FROM GEOME-
TRY?]

We will define the derivative of k-forms in terms of a basis; there is an alternative
coordinate-free definition, however, it involves integration.

Recall that Λk(V ∗) has a basis ß = (βI), for I increasing and of length #I = k,
and each βi being the dual basis vector to bi for basis b1, ..., bn of V . Then a function
ω : P → Λk(V ∗) can be decomposed into basis functions ωI : P → R, namely,

(16.3) ω(p) =
∑
I

ωI(p)β
I .

In the Einstein convention, we will drop the sum symbol.
As per the usual spiel we will soon define pull-backs, show linearity and evalu-

ating wedges, d ◦ d = 0, et cetera.

16.3. Definition (Exterior derivative). Let ω = f IβI be a k-form on P ⊆ V .
We define the exterior derivative dω : P → Λk+1(V ∗) to be the (k + 1)-form
differentiated on basis vectors:

(16.4) d(fIβ
I) := dfI ∧ βI ,

where dfI : P → V ∗ is the 1-form given by dfI = f ′I .

Note that for 0-forms, or, functions f : P → R, we have df(p) = f ′(p).

16.4. Remark (Forms and level sets.). [REWRITE BETTER LATER32]
Wedges φ1∧· · ·∧φk may be described by the intersection of level sets of φ1, ..., φk;

now, a k-form assigns a different such wedge at each point, meaning that these
level sets change with it. For the form to not be identically zero, by adding another
functional, the level sets decrease in dimension by 1: for a single dual vector the
level set is n − 1 dimensional, for two – n − 2, and so on. Hence the level sets of
dω are one dimension lower than those of ω.

32https://mathoverflow.net/questions/21024/what-is-the-exterior-derivative-intuitively

https://mathoverflow.net/questions/21024/what-is-the-exterior-derivative-intuitively
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Consider V = R2 and a 1-form ω(p) = p1ε
2, where p1 = ε1(p); the form changes

in the e1 direction, but acts only on the e2 component of v = (x, y). The level set

ω(p)−1({c}) = {(x, y) ∈ V : p1y = c} = {(x, c/p1) : x ∈ R}

is parallel to e1 and as we move closer to p1 = 0 we find fewer level lines, as
illustrated below:

p1 = 0.1 p1 = 0.3 p1 = 0.5 p1 = 0.7 p1 = 0.9

Namely, in each figure p1 is fixed and c changes in equal increments. We observe
that the number of lines increases linearly as we move away from (0, 0).

We find (dω)(p) = ((dε1)∧ε2)(p) = ε1∧ε2 as ε1 is linear, thus its own derivative.
We see that dω is linear and has level sets

dω(p)−1({c}) = {(x, y) ∈ V : xy = c}

we obtain hyperbolae. These describe the intersection between a level set of ϵ2 and
ϵ1(p) – how many level sets are created where; namely, as you move p, how many
lines must start there. Indeed, this is true for any ω(p) = f(p)η, where η does not
depend on p.

Conversely, let ω(p) = ε1(p)ε1. Then the level sets are vertical, and only depend
on p1 again. We have dω(p) = ε1 ∧ ε1 = 0; [...]

16.5. Lemma. Let α, ω : Q → Λk(W ∗) be k-forms and η be an ℓ-form on Q,
s, r ∈ R be numbers, and f : Q→ R be differentiable. Then

(1) d(sα+ rω) = sdα+ rdω (linearity of d);
(2) d(fω) = (df) ∧ ω + fdω (product rule 1);
(3) d(ω ∧ η) = dω ∧ η + (−1)kω ∧ dη (product rule 2).

Proof. (1). Writing out both forms in terms of the basis, we obtain linear combina-
tions in each basis vector (sα+rωI)β

I , which becomes (sα′
I+rω

′
I)∧βI by linearity

of the ordinary derivative.
(2). We have the product (also called Leibniz) rule for the ordinary derivative

(fg)′(p)(v) = f ′(p)(v)g(p) + f(p)g′(p)(v), or, compactly, d(fg) = (df)g + fdg.
Letting ω = gIβ

I , in Einstein notation, we have

d(fω) = d(fgIβ
I) = d(fgI) ∧ βI = ((df)gI + fdgI) ∧ βI = (df)ω + fdω.

(3). For βI we have dβI = 0. Then for ω = fIβ
I and η = gJβ

J we have that,
by part 2,

d(fIβ
I ∧ gJβJ) = d(fIgJβ

IJ) = d(fIgJ) ∧ βIJ + fIgJdβ
IJ = d(fIgJ) ∧ βIJ

= (dfIgJ + fIdgJ) ∧ βIJ = dfIgJ ∧ βI ∧ βJ + fIdgJ ∧ βI ∧ βJ

= (dfI ∧ βI) ∧ (gJβ
J) + fIdgJ ∧ βI ∧ βJ

= dω ∧ η + fIdgJ ∧ βI ∧ βJ

Now, in the second term we need to move the 1-form dgJ (which is a linear combi-
nation of βi functionals) through βI ; by anti-symmetry, this gives a minus sign
for every term of βI we move through, thus the total number of minus signs
will be the length of I, which is k, namely, (−1)k, hence fIdgJ ∧ βI ∧ βJ =
(−1)kfIβ

I ∧ (dgJ ∧ βJ) = (−1)kω ∧ dη, completing the proof. □
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Recall that we want a double application of the derivative to cancel, namely,
ker d ⊆ im d (the two d’s are between different spaces). This is true.

16.6. Theorem. For all k-forms ω : P → Λk(V ∗) we have

(16.5) ddω = 0.

Proof. We can write any k-form as ω = fIβ
I for a basis βi of V ∗ dual to bi of

V ; then dω = dfI ∧ βI , where we may decompose the (ordinary) derivative of f in
terms of partial derivatives as (in Einstein notation!)

df = ∂bifβ
i,

and we may decompose the (ordinary) derivative of each ∂bif in terms of partials,
giving

ddf = (∂bj (∂bif)β
j) ∧ βi = (∂bj∂bif)β

j ∧ βi.
Notice that the sum goes over all possible values of i and j, hence for every (i, j)
pair there is a term (j, i). However, by commutativity of mixed partials (cf. Propo-
sition 9.6), ∂bi∂bjf = ∂bj∂bif , whereas βi ∧ βj = −βj ∧ βi, which means that every
term in the sum cancels, giving ddf = 0. □

17. Integrals & pull-backs

Now we look at how to move a form from one space to another along differentiable
functions.

P Q

Λk(V ∗) Λk(W ∗)

Λk(V ) Λk(W )

R

f

f∗ω ω

Λkf ′(p)

(f∗ω)(p)
ω(f(p))

17.1. Definition. Let ω : Q→ Λk(W ∗) be a k-form on Q ⊆ W and f : P → Q be
a differentiable function with derivative f ′(p) : V → W . Then the pull-back of ω
along f is the form f∗ω on P ⊆ V given by

(f∗ω)(p) = (f ′(p))∗(ω(f(p)))

= ω(f(p)) ◦ Λkf ′(p).
(17.1)

The pull-back of a function is just precomposition F ∗f = f ◦ F for f : Q → R
and F : P → Q.

17.2. Lemma. Let P
f−→ Q

g−→ R be differentiable; let ω, α be k-forms and η be an
ℓ-form on Q, and r : Q→ R be a function. Then

(1) f∗(rα+ ω) = (r ◦ f)f∗α+ f∗ω (pull-back is linear);
(2) f∗(η ∧ ω) = (f∗η) ∧ (f∗ω) (components pulled independently);
(3) (g ◦ f)∗ = f∗g∗ (chain rule).

Proof. (1). We use the linearity property of pull-backs of constant k-forms by linear
maps:

f∗(rα+ ω)(p) = (f ′(p))∗(rα+ ω)(f(p))

= r(f(p))α(f(p)) ◦ Λkf ′(p) + ω(f(p)) ◦ Λkf ′(p)
= (r ◦ f)(p)(f∗α)(p) + (f∗ω)(p).
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(2). Similarly, upon evaluation we recover pull-back of forms by linear maps

(f∗(η ∧ ω))(p) = (f ′(p))∗((η ∧ ω)(f(p)))
= (f ′(p))∗(η(f(p)) ∧ ω(f(p)))
= (f ′(p))∗η(f(p)) ∧ (f ′(p))∗ω(f(p))

= (f∗η)(p) ∧ (f∗ω)(p).

(3). Let ω be a k form on R. Recall that (g ◦ f)′(p) = g′(f(p)) ◦ f ′(p). Denote
y = (g ◦ f)(p). Then

((g ◦ f)∗ω)(p) = ((g ◦ f)′(p))∗ω(y)
= (g′(f(p)) ◦ f ′(p))∗ω(y)
= (f ′(p))∗(g′(f(p)))∗ω(y)

= (f ′(p))∗(g∗ω)(f(p))

= f∗(g∗ω)(p).

□

17.3. Lemma. Let ω : Q→ Λk(W ∗) be a k-form and F : P → Q be a differentiable
function. Then the pull-back of the derivative is the derivative of the pulled-back
form:

(17.2) F ∗dω = d(F ∗ω).

Proof. Induction on k. For k = 0, by definition of the pull-back of the 1-form
df = f ′ along a differentiable map,

(F ∗f ′)(p) = (F ′(p))∗(f ′(F (p))) = f ′(F (p)) ◦ Λ1F ′(p) = f ′(F (p)) ◦ F ′(p),

which equals (f ◦ F )′(p) by the chain rule. Then F ∗f ′ = (f ◦ F )′ =: (F ∗f)′.
Suppose the statement is true for all ℓ-forms η for all ℓ ≤ k, k ≥ 1. We can

write any (k+1)-form as ω = ηi ∧βi (namely, in each ωIβ
I term write out the last

functional βi of βI out separately, leaving a linear combination of k-forms wedged
with βi). Then, by assumption, F ∗(dηi) = d(F ∗ηi), and, using dβ

i = 0 and the
pull-back of a wedge, we have

F ∗(dω) = F ∗d(ηi ∧ βi) = F ∗(dηi ∧ βi + (−1)kηi ∧ dβi)
= F ∗(dηi ∧ βi) = F ∗(dηi) ∧ F ∗βi = d(F ∗ηi) ∧ F ∗βi,

but

d(F ∗ω) = d(F ∗(ηi ∧ βi)) = d(F ∗ηi ∧ F ∗βi)

= d(F ∗ηi) ∧ F ∗βi + (−1)kF ∗ηi ∧ d(F ∗βi)

= d(F ∗ηi) ∧ F ∗βi + (−1)kF ∗ηi ∧ F ∗(dβi)

= d(F ∗ηi) ∧ F ∗βi,

where d(F ∗βi) = F ∗(dβi) follows by hypothesis, proving the statement. □

We will now see how the integral is essentially the pull-back along the parametri-
sation of the integration domain – ‘k-cube’.

We recall line and surface integrals from calculus; we will use these to generalise
a ‘k-surface’ integral to any k-dimensional parametrised surface γ : [0, 1]k → V
(with the condition that γ′ exists).33

For lines γ : [0, 1] → V , and an open set P ⊆ V that contains the image
γ[0, 1] ⊊ P , we have that the integral of a 1-form ω = fiβ

i : P → V ∗ is the sum

33The ‘dimension’ of the surface is k only if γ′(t) is injective at all t ∈ [0, 1]k, namely, of
maximal rank.
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over ω(γ(ti)) evaluated on tangent vectors γ̇(ti) = ∂e1γ(ti) separated by ti+1 − ti
intervals between them, namely,∫

γ

ω = lim
r→∞

r∑
i=1

ω(γ(ti))(∂e1γ(ti)) · (ti+1 − ti)

=

∫
t∈[0,1]

ω(γ(t))(∂e1γ(t)).

(17.3)

Now, for a surface γ : [0, 1]2 → V and im γ ⊊ P , the integral of the 2-form
ω : P → Λ2(V ∗) is the sum of the form evaluated at the surface on tangent planes:
ω(γ(t))(∂e1γ(t) ∧ ∂e2γ(t)), namely,

(17.4)

∫
γ

ω =

∫
t∈[0,1]2

ω(γ(t))(∂e1γ(t) ∧ ∂e2γ(t)).

This gives a clear generalisation.

17.4. Definition. Let γ : [0, 1]k → P ⊆ V be a continuously differentiable function,
called a k-cube or k-surface. Let ω : P → Λk(V ∗) be a k-form on P . Then the
integral of ω over the k-surface γ is defined as

(17.5)

∫
γ

ω =

∫
t∈[0,1]k

ω(γ(t))(∂e1γ(t) ∧ · · · ∧ ∂ekγ(t)).

The special case k = 0 is defined a evaluation at the only point of γ : {0} → P ,
namely,

∫
γ
ω = ω(γ(0)).

Notice that

(γ∗ω)(t)(e1 ∧ · · · ∧ ek) = (ω(γ(t)) ◦ Λkγ′(t))(e1 ∧ · · · ∧ ek)

= ω(γ(t))(Λkγ′(t)(e1 ∧ · · · ∧ ek))
= ω(γ(t))(γ′(t)(e1) ∧ · · · ∧ γ′(t)(ek))
= ω(γ(t))(∂e1γ(t) ∧ · · · ∧ ∂ekγ(t)),

which is the term under the integral in the definition above. We may thus write
each integral over the image of γ as the integral over the standard-cube of the
pull-back:

17.5. Theorem (Integral of k-form). Definition 17.4 may be rewritten as

(17.6)

∫
γ

ω =

∫
[0,1]k

γ∗ω,

where we evaluate γ∗ω on e1 ∧ · · · ∧ ek.34

[MAKE THIS THE DEFINITION INSTEAD?] This is better illustrated geo-
metrically:

34This corresponds to the integral over the standard cube Ik : [0, 1]k → [0, 1]k – see §§ below.
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In essence, γ∗ω assigns a linear map at each point of the rectangle [0, 1]k with the
standard directions e1 ∧ · · · ∧ ek; evaluating γ∗ω in the direction e1 ∧ · · · ∧ ek we
obtain a number, hence a function [0, 1]k → R. We know how to integrate functions
over rectangles in [0, 1]k ⊊ Rk.

17.6. Lemma (Substitution). Let F : P → Q be a continuously differentiable
function, γ : [0, 1]k → P , and ω : Q→ Λk(W ∗) a k-form on Q; then

(17.7)

∫
F◦γ

ω =

∫
γ

F ∗ω.

Proof. We employ the property of pull-back (Theorem 17.5):∫
F◦γ

ω :=

∫
[0,1]k

(F ◦ γ)∗ω =

∫
[0,1]k

γ∗F ∗ω =

∫
γ

F ∗ω,

completing the proof. □

We give some examples of how to compute the integrals of forms below.

17.7. Example.

17.8. Example.

17.9. Example.

18. Chains

Recall that we defined the integral over a point b = γ(0) given by γ : {0} → P
to be evaluation at this point

∫
γ
f = f(γ(0)) = f(b). We allow ourselves to write∫

{b} =
∫
γ
for shorthand. Likewise the statement we wish to generalise is of the

form
∫
[a,b]

f ′ = f(b)− f(a), which we see corresponds to
∫
[a,b]

f ′ =
∫
{b} f −

∫
{a} f ;

it is immediately clear that the ‘order’ of the derivative decreases together with the
dimension of the ‘surface’ over which we are integrating. Now, the detail of having
to evaluate two integrals on the left is bothersome – we wish to combine {a} and
{b} into a single integral. The reader should now recall free vector spaces.

We will proceed with the definition shortly, where we will want to write {b}−{a}
as a meaningful statement: integrate over {b} with a constant +1 in front, whereas
a −1 before {a}. We see that the basis vectors will be cubes. Let us begin with the
standard cube.

The simplest case is [0, 1], which has endpoints {0} and {1}. A dimension higher
gives [0, 1]2, which has four boundary faces: the two horizontal edges {(x, 0) : x ∈
[0, 1]}, {(x, 1) : x ∈ [0, 1]} and the two verticals {(0, y) : y ∈ [0, 1]}, {(1, y) : y ∈
[0, 1]}. There are both one-dimension lower and can be described as maps from the
interval [0, 1]. Generalising further is clear: for every dimension 1 ≥ i ≤ k in [0, 1]k
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we will have two faces: one on the left with the i-th coordinate being 0 and one on
the right with 1. The set notation is bothersome, hence we will adopt functions.

18.1. Definition. We define the standard k-cube to be the identity map Ik :
[0, 1]k → [0, 1]k, x 7→ x, where x = (x1, ..., xk). For each coordinate of x we
define the left (σ = 0) and right (σ = 1) faces to be the (k− 1)-cubes mapping into
the k-cube, namely, Ii,σ : [0, 1]k−1 → [0, 1]k, with a fixed i-th coordinate:

(18.1) Iki,σ(t
1, ..., tk−1) = (t1, ..., ti−1, σ, ti, ..., tk−1).

Given any35 (i.e. curved; non-standard) k-cube γ : [0, 1]k → P ⊆ V we use the
faces of the standard cube to define the faces of γ as γi,σ = γ ◦ Iki,σ.

18.2. Remark. The faces of γ do not have to be separated by an edge – a line
of singular points. The simplest example is the circle & sphere: the edges of
γ : [0, 1] → R2, t 7→ (cos 2πt, sin 2πt) will just be some point(-s) γ({0}) = {(1, 0)} =
γ({1}) on the circle, but the image γ is smooth through them. For the 2-sphere
γ : [0, 1]2 → R3, (t, s) 7→ (cos 2πt sin 2πs, sin 2πt sin 2πs, cos 2πs) we have the 1-faces

γ1,0(s) = γ ◦ {s 7→ (0, s)}(s) = γ(0, s) =

sin 2πs
0

cos 2πs

 ,

which gives the unit circle on the xz-plane.

We can now formalise the notion of linear combinations of faces.

18.3. Definition. We call the free vector space over all k-cubes γ : [0, 1]k → P in
P ⊆ V the space of k-chains in P , denoted by

(18.2) Ck(P ) = R{k−cubes in P} = R{γ:[0,1]k→P : γ differentiable}.

Indeed, it is immediately clear that Ck(P ) is infinite-dimensional.36 The point is
that we may now extend our definition of an integral to k-cubes in the most natural
way.

18.4. Definition. The integral over any linear combination rµ + sγ (r, s ∈ R),
where γ is a k-cube and µ ∈ Ck(P ), of k-chains in Ck(P ) is defined as

(18.3)

∫
rµ+sγ

ω = r

∫
µ

ω + s

∫
γ

ω.

If we wish to integrate over the (surface of a) paraboloid (unit disk in xy-plane
and paraboloid z = x2 + y2 over it) as shown below:

35For regularity, we may restrict γ to be differentiable.
36We will not encounter a basis for it here, thus we are not interested whether the dimension

is countable or uncountable.
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Then we can break up this paraboloid into a sum of two 2-cubes: one over the
curbed part, and the other over the disk in the plane – both of these are 2-chains.
Note that we CANNOT take the sum ‘pointwise’ – the sum of k-cubes is not a
k-cube.

Indeed, this allows us to write
∫
[a,b]

f ′ =
∫
{b}−{a} f . We already know that in

Stoke’s theorem, we will need to relate the integral over γ to the integral over the
boundary of γ; but this boundary has to be oriented in a way consistent with the
surface.

As a preliminary, the boundary of [0, 1] is the endpoint minus the beginning
point {1} − {0}. What we want is for the boundary of a k-cube to detect whether
whether the k-cube is closed; we know that all standard cubes are closed. For the
2-cube [0, 1]2 we can write vertices A,B,C,D and traverse the edges clockwise,
namely, denoting (for the present moment only) the edge from A to B by [A,B]:

We see that the boundary of I2 becomes

[A,B] + [B,C] + [C,D] + [D,A].

But(!), now observe, how these edges relate to the functions I2i,σ – these functions
are always oriented towards the positive direction. We see that the edge [A,B]
is pointed in the positive e1 direction, and thus we can assign +I22,0; similarly for

I21,1. But for the edge [C,D] we see that it points towards D, which is in the −e1
direction, but I22,1 points in the +e1 direction, therefore, we have to assign −I22,1;
similarly for [D,A] we assign −I21,0. The boundary is then

I22,0 + I21,1 − I22,1 − I21,0.

And if we take the boundary again, we will obtain

B −A+ C −B +D − C +A−D = 0.
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For I3 we again simply proceed with counterclockwise-oriented faces (corre-
sponds to the right-hand rule around the normal vectors):

And the reason why: the boundary of the cube is, of course, all the faces; the
normal vector orients the faces such that for an edge the two neighbouring faces
orient it oppositely (and thus will cancel). The question becomes which sign to
assign to which face. We will succeed by setting the sign to be (−1)i+σ, meaning
that for odd-numbered e1, e3, ... the sign will be positive when the normal points
along +ei, whereas for e2, e4, ... it will be opposite.

18.5. Definition. We set the boundary ∂γ of a k-cube γ : [0, 1] → P to be the
(k − 1)-chain

(18.4) ∂γ =

k∑
i=1

∑
σ∈{0,1}

(−1)i+σγi,σ.

We set the boundary of a k-chain ∂ : Ck(P ) → Ck−1(P ) to be the boundary of
k-cubes extended linearly – for any k-cubes µ, γ and r, s ∈ R:
(18.5) ∂(rµ+ sγ) = r∂µ+ s∂γ.

18.6. Lemma (Boundary of boundary is zero). ∂∂γ = 0 for all chains γ.

Proof. Observe that for the standard k-cube Iki,σ is a (k−1)-cube (taking the place
of γ before). We will show that the boundaries coming from adjacent faces will
cancel;37 indeed, we find

∂∂Ik =

k∑
i=1

∑
σ

(−1)i+σ∂Iki,σ =

k∑
i=1

∑
σ

k−1∑
j=1

∑
τ

(−1)i+σ(−1)j+τIki,σ ◦ Ik−1
j,τ .

For i < j (note: (j + 1)− 1 = j > i) we compute38

(Iki,σ ◦ Ik−1
j,τ )(t1, ..., tk−2) = Iki,σ(t

1, ..., tj−1, τ, tj , ..., tk−2)

= (t1, ..., ti−1, σ, ti, ..., tj−1, τ, tj , ..., tk−2),

(Ikj+1,τ ◦ Ik−1
i,σ )(t1, ..., tk−2) = Ikj+1,τ (t

1, ..., ti−1, σ, ti, ..., tk−2)

= (t1, ..., ti−1, σ, ti, ..., tj−1, τ, tj , ..., tk−2)

= Iki,σ ◦ Ik−1
j,τ .

Note that the signs will be opposite: (−1)i+σ+j+τ = −(−1)i+σ+j+1+τ . When
we consider any (k − 2)-cube that appears in the ∂∂Ik sum, namely, with σ in
the m-th component and τ in the ℓ-th component, it can be described both by
Ikm,σ ◦ Ik−1

ℓ−1,τ and by Ikℓ,τ ◦ Ik−1
m,σ , hence the terms describing this k − 2 cube cancel,

leaving ∂∂Ik = 0.
Lastly, for ∂∂γ we will have the same cancellation as above after composition

with γ, hence ∂∂γ = 0. □

37The proof in Roland’s notes contains a major typo; we fix it and complete the steps of the
proof.

38The reader can explicitly check the case i = 2 and j = 3.
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18.7. Remark. Notice the similarity between ∂2 = 0 and d2 = 0. Indeed, these
concepts are dual; the names are homology and cohomology. We will return to
these in ????. Notice that d2 = 0 means that im d ⊆ ker d and im ∂ ⊆ ker ∂. NB!
the d’s and ∂’s on each side map between different spaces:

X
d or ∂−−−−→
im

Y
d or ∂−−−−→
ker

Z ,

where under the arrows we indicate which is which, and Y = Ωk(P ) or Ck(P ), the
space of forms or chains. Indeed, this allows us to write the quotient vector spaces
of the form ker ∂/ im ∂ (dually, ker d/ im d), namely,

Hk(P ) =
ker ∂

∂(Ck(P ))
and Hk(P ) =

ker d

d(Ωk−1(P ))
,

‘k-th homology’ ‘k-th cohomology’

where we used im ∂ = ∂(Ck(P )) and im d = d(Ωk−1(P )) to explicitly indicate which
order (k) we are talking about.39 The space is trivial if there is no k-dimensional
hole in P ; if there is, the vector space structure allows for characterisation of it.

19. Stokes’ theorem & Poincaré lemma

We are now ready to explore the interplay between ∂2 = 0 and d2 = 0 when
integrating. Consider a blob γ with boundary ∂γ; when we integrate a form ω over
∂γ, we count how many level sets of ω are created or destroyed inside γ – indeed,
if a level set both enters and leaves the blob, its contribution will cancel, adding 0
to the integral. And dω is precisely what allows us to count the number of created
level sets inside γ. The integral of the form over the bounary is thus the integral
of the (exterior) derivative over the interior.

19.1. Theorem (Stokes’). For any continuously-differentiable (k − 1)-form on P

ω ∈ Ωk−1
1 (P ) and any k-chain γ ∈ Ck(P ) we have

(19.1)

∫
γ

dω =

∫
∂γ

ω.

Proof. Let us first consider an integral of dω over the standard-cube Ik; the stan-
dard cube lives in Rk and thus corresponds to the volume element e1 ∧ · · · ∧ ek (cf.
Theorem 17.5). We consider a (k − 1)-form ω in Rk; by the basis of Λk−1(Rk), we
can write ω = fJε

J , where each J consists of an increasing sequence from 1, ..., k
with some j removed; indeed, let J = (1, ..., j − 1, j + 1, ..., k). For this fixed J , we
have ω = fεJ , and dω = df ∧ εJ = (∂eifε

i) ∧ εJ = ∂ejfε
jεJ = (−1)j−1∂ejfε

1...k,

namely, a multiple of the volume element in (Rk)∗, whereby ε1...ke1...k = 1.
We now have∫

Ik
dω =

∫
Ik
df ∧ εJ = (−1)j−1

∫
[0,1]k

∂ejfε
1...ke1...k = (−1)j−1

∫
[0,1]k

∂ejf,

where we may evaluate the final integral first in the j-th direction (by Fubini’s
theorem) using the fundamental theorem of calculus∫
tj∈[0,1]

∂ejf(t
1, ..., tj , ..., tk) = f(t1, ..., 1, ..., tk)−f(t1, ..., 0, ..., tk) = f ◦Ikj,1−f ◦Ikj,0,

obtaining ∫
Ik
dω = (−1)j−1

∫
[0,1]k−1

(f ◦ Ikj,1 − f ◦ Ikj,0).

We will now show that this equals
∫
∂Ik

ω.

39Alternatively, one gives different names to each map in the quotient ∂k : Ck(P ) → Ck−1(P )

and dk−1 : Ωk−1(P ) → Ωk(P ) to distinguish the ∂ or d above and below.
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Evaluating the integral over a chain yields the linear combination of integrals
evaluated over its (k − 1)-cubes ∂Ik =

∑
i,σ(−1)i+σIki,σ:∫

∂Ik
ω =

∑
i,σ

(−1)i+σ
∫
Iki,σ

ω =
∑
i,σ

(−1)i+σ
∫
[0,1]k−1

(Iki,σ)
∗ω,

where we evaluate the pulled-back form on the volume element of Rk−1, namely,
ẽ1 ∧ · · · ∧ ẽk−1, where we distinguish ẽi ∈ Rk−1 from ei ∈ Rk. Now, ∂ẽ1I

k
i,σ(t) =

e1 ∈ Rk; similarly, ∂ẽm<i
Iki,σ(t) = em, whereas ∂ẽm>i

Iki,σ(t) = em+1. This yields

((Iki,σ)
∗ω)(t)(ẽ1...k−1) = f(Iki,σ(t))ε

J ◦ Λk−1(Iki,σ)
′(ẽ1...k−1)

= f(Iki,σ(t))ε
J(∂ẽ1I

k
i,σ(t) ∧ · · · ∧ ∂ẽk−1

Iki,σ(t))

= f(Iki,σ(t))ε
J(e1 ∧ · · · ∧ ei−1 ∧ ei+1 ∧ · · · ∧ ek)

= f(Iki,σ(t))δ
j
i .

Therefore the sum over i reduces to just j, giving∫
∂Ik

ω =
∑
σ

(−1)j+σ
∫
[0,1]k−1

f ◦ Ikj,σ

= (−1)j+1

∫
[0,1]k−1

f ◦ Ikj,1 + (−1)j
∫
[0,1]k−1

f ◦ Ikj,0

= (−1)j−1

(∫
[0,1]k−1

f ◦ Ikj,1 −
∫
[0,1]k−1

f ◦ Ikj,0

)

= (−1)j−1

∫
[0,1]k−1

(f ◦ Ikj,1 − f ◦ Ikj,0)

=

∫
Ik
dω,

where we used (−1)j+1 = (−1)j−1. This proves the theorem for the special case of
integrating over the standard k-cube γ = Ik.

For the general case γ : [0, 1]k → P we employ the pull-back of a derivative (cf.
Lemma 17.3) and use the special case (ω = fJε

J over ∂Ik):∫
γ

dω =

∫
Ik
γ∗dω =

∫
Ik
d(γ∗ω) =

∫
∂Ik

γ∗ω =

∫
∂γ

ω,

where we recall that γ ◦ ∂Ik = ∂γ. This completes the proof. □

Note that the proof is (perhaps) surprisingly short.40

There is a joke that Stoke’s theorem is trivial; this is because: (1) all terms have
been thoroughly defined, (2) it has significant consequences. One of the conse-
quences is Cauchy’s integral theorem from complex analysis; we first need to define
complex-differentiation and see that it restricts f ′(p) to be of a certain form. We
are able to give a 1-paragraph proof of the theorem,41 which is truly incredible.
This is developed in Appendix A.

We now turn to the second part of the Fundamental theorem – Poincaré lemma.
We would ideally like to apply Stokes’ theorem on a form, which turns out to be a
derivative of another form; namely, we do not explicitly begin with the derivative
– this is indeed the form most useful in practice. Firstly, a necessary condition.

19.2. Lemma. Let ω ∈ Ωk1(P ) satisfy dω ̸= 0. Then there exists no η ∈ Ωk−1
2 (P )

such that dη = ω. Equivalently, η can exist only if dω = 0.

40Omitting full explanations, it can be written as just 3 lines of computation.
41And without skipping all the steps!
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Proof. We compute 0 = ddη = dω ̸= 0 – a contradiction. □

The converse is true as long as the domain does not contain holes. We shall
prove it for a less general case – a star-shaped domain.

19.3. Definition. A open subset 0 ∈ P ⊆ V is called star-shaped domain if it
contains the line segment [0, 1]x = {tx : t ∈ [0, 1]} ⊆ P between 0 and any x ∈ P .
An example is given below (x0 = 0).

Note that this means that P contains an open ball around 0.

19.4. Lemma (Poincaré). Let P ⊆ V be a star-shaped domain. If any k-form

ω ∈ Ωk1(P ) satisfies dω = 0 on P , then there exists a primitive α ∈ Ωk−1
2 (P ) such

that dα = ω.

Proof. The idea is to integrate over [0, 1]x. Cf. https://www.math.brown.edu/

reschwar/M114/notes7.pdf. □

19.5. Remark. Some terminology: ω is called closed if dω = 0; exact if there exists
a primitive dα = ω. Poincaré lemma states that in Euclidean spaces, being closed
and exact are equivalent; this is not true in general spaces – manifolds.

19.6. Theorem (Reparametrisation). Let F : [0, 1]k → [0, 1]k reparametrise the
cube, namely, F is a k-cube with the boundary ∂F = ∂Ik. Then

(19.2)

∫
γ◦F

ω =

∫
γ

ω

for any γ : [0, 1]k → P k-cube and any ω ∈ Ωk1(P ).

Proof. Note that [0, 1]k ⊆ Rk and dimRk = k, hence γ∗ω ∈ Ωk1([0, 1]
k) is a form of

maximal degree d(γ∗ω) = 0. Let α ∈ Ωk−1
2 ([0, 1]k) be a primitive dα = γ∗ω. Then∫

γ◦F
ω =

∫
F

γ∗ω =

∫
F

dα =

∫
∂F

α =

∫
∂Ik

α =

∫
Ik
dα =

∫
Ik
γ∗ω =

∫
γ

ω

by Stokes’ theorem. □

20. Duals of forms – Hodge star

Recall the similarity between k forms and n−k forms; indeed, dimΛk(V ) =
(
n
k

)
=

dimΛn−k(V ). It turns out that these spaces are indeed naturally isomorphic, where
the isomorphism is called a Hodge star.

There exist an infinite family of isomorphisms, and the ‘natural’ one is deter-
mined by the geometry of the space; the simplest geometry is the standard dot
product – indeed, we will begin with this simpler case.42 Let dimV = n and
e = e1, ..., en ∈ V be a basis for V with dual basis ε = ε1, ..., εn ∈ V ∗.

42No mention will be made of the inner product just yet; after we generalise, it will become
clear that it is hidden in the definition.

https://www.math.brown.edu/reschwar/M114/notes7.pdf
https://www.math.brown.edu/reschwar/M114/notes7.pdf
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20.1. Definition. The map ⋆ : Λk(V ) → Λn−k(V ) defined by

⋆eI = eJ such that eI ∧ eJ = e1 ∧ · · · ∧ en(20.1)

and extended linearly is called the Hodge star.

The same definition holds when V is replaced by V ∗ (i.e. forms).

20.2. Remark. Note the order in which eI ∧ eJ form the full volume element –
reversing two elements under the wedge gives a minus.

Not that for any V the map ⋆ : Λ0(V ) → Λn(V ) must be ⋆1 = e1...n. Similarly,
⋆ : Λn(V ) → Λ0(V ) is given by ⋆e1...n = 1.

20.3. Example. (a) Let dimV = 2. Then ⋆ : Λ1(V ) → Λ1(V ) maps 1-forms into
themselves according to

⋆e1 = e2 and ⋆e2 = −e1,
where the minus appears as we have e2 ∧ e1 = −(e1 ∧ e2).

(b) Let dimV = 3. We compute ⋆ : Λ1(V ) → Λ2(V ) by

⋆e1 = e2 ∧ e3, ⋆e2 = −e1 ∧ e3, ⋆e3 = (−1)2e1 ∧ e2 = e1 ∧ e2
as e2 ∧ e1 ∧ e3 = −e1 ∧ e2 ∧ e3 must be interchanged with one vector e1, giving a
minus sign.

20.4. Lemma. The Hodge star is an isomorphism and is its own inverse up to sign.

Proof. Let ⋆ : Λk(V ) → Λn−k(V ) and ∗ : Λn−k(V ) → Λk(V ) be Hodge stars. Then,
letting ⋆eI = eJ (hence eI ∧ eJ = e1...n) we have

(∗ ◦ ⋆)(eI) = ∗(⋆eI) = ∗(eJ) = eI

as eJ ∧ eK = e1...n implies that eK contains all ei not in eJ , hence eJ ∧ eI =
(−1)k(n−k)eI ∧ eJ . Defining ⋆−1 = (−1)k(n−k)∗ gives ⋆−1 ◦ ⋆ = idΛk(V ). Now,

(⋆ ◦ ⋆−1)(eJ) = ⋆(eI) = eJ ,

where we notice that every eJ is reached by ⋆, implying ⋆ ◦ ⋆−1 = idΛn−k(V ). Thus

⋆−1 is the inverse of ⋆, completing the proof. □

The power of the star comes in showing the calculus identities CurlGrad = 0 and
DivCurl = 0 by exploiting the exterior derivative d and d2 = 0. For a differentiable
function f : V → R we have

Grad f =
∑
j

∂f

∂xj
ej : V → V and df =

∑
j

∂f

∂xj
εj : V → R,

which we see are eerily similar; indeed, if we make the identification I (ej) = εj

and extended linearly we obtain I (Grad f) = df (pointwise), where I : V → V ∗.
For simpler notation we will say ej ≃ εj to mean that there is an I between them.
We obtain Grad ≃ d – a fact that was perhaps clear to the reader, but not fully
formalised to this point.

For a differentiable vector field F : R3 → R3 we identify F with ⋆dωF , where
ωF ∈ Λ1((R3)∗) is the 1-form identifying ωF ≃ I (F ) = I (f jej) = f jI (ej) =∑
j f

jεj . Indeed, a computation shows

⋆dωF = ⋆(
∑
j

df j ∧ εj) =
∑
j

∂if
j ⋆ (εi ∧ εj)

= (∂1f
2 − ∂2f

1) ⋆ ε12 + (∂2f
3 − ∂3f

2) ⋆ ε23 + (∂3f
1 − ∂1f

3) ⋆ ε13)

= I (CurlF ),

confirming I (CurlF ) = ⋆dωF , or, Curl ≃ ⋆d.
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A similar computation yields Div ≃ ⋆d⋆ identifying F with ωF as before.

20.5. Proposition. We have CurlGrad = 0 and DivCurl = 0 for V = R3.

Proof. We compute

Curl ◦Grad ≃ ⋆d ◦ d = ⋆d2 = ⋆0 = 0, and(20.2)

Div ◦Curl ≃ ⋆d ⋆ ◦ ⋆ d = ⋆d(± id)d = ± ⋆ d2 = 0,(20.3)

completing the proof. □

20.6. Remark. Notice the similarity between d and ⋆d⋆. Indeed, we may define a
‘dual’ exterior derivative d∗ = ⋆d⋆ : Λk(V ∗) → Λk−1(V ∗), which lowers the degree
of a form. We can then define the Laplacian operator ∆

(20.4) ∆ = dd∗ + d∗d = d ⋆ d ⋆+ ⋆ d ⋆ d,

which ∆ : Λk(V ∗) → Λk(V ∗) does not change the order of the forms.
For V = R3 we recover ∆ ≃ DivGrad.
The Laplacian allows to connect differential geometry with partial differential

equations – the topic is called Hodge theory.

The Hodge star may be defined in a coordinate-free form if we endow V with an
inner product.

20.7. Remark. Finally, the Hodge star allows to rewrite the 4 Maxwell’s equations
for electromagnetism into two very compact equations for a two-form F = − ⋆ F̂
with F̂ = F̂µνdx

µ ∧ dxν (combining the electric and magnetic field components),
namely:

dF = 0 and d⋆F = J,(20.5)

where Jµ combines current and charge. For further reading and full definitions see
https://staff.fnwi.uva.nl/h.b.posthuma/TIP2019/Lecture%202-2019.pdf.

https://staff.fnwi.uva.nl/h.b.posthuma/TIP2019/Lecture%202-2019.pdf
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Appendix A. Proof of Cauchy’s integral theorem (complex analysis)

A.1. Definition. We consider C = R2 with basis 1, i (any z = x + iy). We call
f : P ⊆ C → C (P open) complex-differentiable on P if the derivative of f at
any point is a complex-linear43 function: for every p ∈ P there exists a number
w(p) ∈ C such that

f ′(p) = mw(p), where mw(p) : C → C, z 7→ w(p)z.(A.1)

A.2. Lemma (Cauchy–Riemann equations). For any complex-differentiable func-
tion f : P ⊆ C → C (P open) we have ∂if = i∂1f . Writing f(z) = u(z) + iv(z)
this is equivalent to ux = vy and uy = −vx (notation: ux := ∂1u and uy := ∂iu).

Proof. Note that multiplication by i is a linear map represented by the matrix

[i] =

(
0 −1
1 0

)
with respect to the standard basis 1, i of C. As a linear map, mw=w1+iw2(x+ iy) =
(w1x− w2y) + i(w2x+ wxy), and thus has matrix representation

[mw(p)] =

(
w1 −w2

w2 w1

)
= [f ′(p)] = [∂1f(p) ∂if(p)] =

(
ux uy
vx vy

)
,

from which we see that [∂if(p)] = [i][∂1f(p)], or ∂if(p) = i∂1f(p), and the relations
ux = vy and uy = −vx. □

A.3. Corollary (Cauchy’s integral). For any continuously-complex-differentiable
function f : P ⊆ C → C (P open) and any 2-cube γ : [0, 1]2 → P we have

(A.2)

∫
∂γ

f(z)dz = 0,

where dz is the 1-form dz = dx+ idy.

Proof. We show d(f(z)dz) = 0; by Stokes’ theorem then
∫
∂γ
f(z)dz =

∫
γ
0 = 0.

Note that dx(a + ib) = a and dy(a + ib) = b, which gives a natural meaning to
the functional dz = dx+ idy. Write f(z) = u(z) + iv(z). Now,

fdz = (u+ iv(dx+ idy) = (udx− vdy) + i(vdx+ udy), therefore

d(fdz) = (du ∧ dx− dv ∧ dy) + i(dv ∧ dx+ du ∧ dy), du(p) := u′(p)

= −(uy + vx) dx ∧ dy + i(ux − vy) dx ∧ dy = 0

by using the Cauchy–Riemann equations. The proof is complete. □

A.4. Remark. We need continuous (complex-)differentiability because this appears
in the statement of Stokes’ theorem. The theorem holds more generally with-
out requiring continuous partial derivatives. One then first needs to show that
a complex-differentiable function has a convergent power series (in terminology:
holomorphic implies analytic); this is difficult.

43Note that dimC C = 1 as a complex-valued vector space.
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