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COHOMOLOGY OF THE KONTSEVICH GRAPH COMPLEX

MARKUSS G. KENINS

Introduction. Poisson manifolds naturally describe classical mechanics. The semiclas-
sical approximation is done by deforming the Poisson structure P. In 1996/7, Kontse-
vich [1,2] showed that any Poisson structure can be universally deformed to remain Pois-
son to first order.! The deformation is described using graphs, and the relevant formalism
is Batalin-Vilkovisky (BV) [10-13].

In particular, the relevant graphs are non-trivial cocylces (elements of the cohomology)
with respect to a differential d = [e—e, -] on the Kontsevich graph complex. This century
has been devoted to studying this cohomology. A breakthrough came in 2010-15, when
Willwacher established that the zeroeth comology is isomorphic to the Grothendieck—
Teichmiiller Lie algebra [14]. Using BV formalism, the space of deformations is at least
countable [9, 15].

Recent work [16,17] has been devoted to computing higher-order cohomologies of graph
subcomplexes and loop orders. Cohomology is not fully known in loop order > 12. This
allows characterisation of non-trivial cocylces, hence deformations.

Physical relevance. If every universal deformation constructed in this process is exact
(in differential dp = [P, -]), then every Poisson flow amounts to observing non-linear
changes of coordinates [9]. This is a very hard open problem [9].

Objectives.

(1) Reproduce the theory of Kontsevich and Willwacher to understand graph coho-
mology and deformation quantisation.

(2) Compute (unknown at the time) cohomology for relevant graph subcomplexes and
in higher loop order.

(3) Find infinite families in loop order for which k-th cohomology is trivial. Either
prove, find (counter-)examples, or motivate by computations on many examples,
forming conjectures.

(4) Explicitly characterise basis of cohomology (as above) — what are (independent)
non-trivial cocyles? What are the corresponding deformations?

Methods. The construction of the Kontsevich graph complex is as a differential graded
Lie algebra [5]. Standard tools for cohomology computations are part of a good alge-
braic topology course [18]: spectral sequences, stable operations, Cartan’s theorem, and
Steenrod squares in relation to homotopy groups, K-theory.

Recent computations [16] utilise a Feynman transform.

Background. I am familiar with Kontsevich graph calculus to the extent of [1,5,9]. I
have taken an algebraic topology course (primarily on homology), and am reading [18].
I have read selected parts of Willwacher’s papers [14, 16,17, 19] referenced here. I am
following a master’s course on bi-vectors, bundles, and brackets by Dr Arthemy Kiselev,
and am reading accompanying literature: [20].

IFurther explanations in [3-8] and lectures [9].
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At ETH Ziirich I will take ‘Algebraic Topology II’, which is focused on cohomology,
among other relevant courses (see motivation letter) and read classical geometry literature
[21-26].

Timeline.

Weeks
1-8  Reproduce the basic & foundational elements of the theory by Kontsevich,

Willwacher, BV formalism, and selected papers by Kiselev — objective (1).

9-16 Reproduce recent results by Willwacher. Make computations and characterisa-

tions of cohomology — (2) and (3).

17-21 Finalise computations, characterise cocycles and deformations — (4).
22-28 Finish working. Write thesis, incorporating any papers (preprints) produced.
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