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Motivation: higher structures in physics

® Lie groups < algebras: QFT, gauge field theory
Example: sl(2) is the Lie algebra of the Lorentz group

e Higher Lie structures: string theory, gravitational physics,
particles of higher spin, BRST in Batalin—Vilkovisky, closed
string field theory, non-commutative Chern—-Simmons and
Yang—Mills theories, star products

[Stasheff: "L, and A structures”, 2019]

e Higher arity differential structures < Wronskian
determinants: realisation of sl(2), calculation of topological
charge of Skyrmions, alternation of differential operators

[Dzumadil'daev 2002, Kiselev 2004 & 2025, us 2026]

® Wronskians realise higher arity Lie structures
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Introduction: Lie algebras <— Wronskian determinants

Example: s[(2) realisation by Wronskians

% = %(x) 9/0x

s * > R!
o o )
9 =Tof-FoX= |3 I 2 = woix,y)/ox
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Higher order Wronskians

Put N = 2p; alternate the pth order differential operators

W; = wj(x) 0P /OxP, j=1..,N

w1 wy

wy wpy oP
Z (_) (Wa(l) ©:+-0 WU(N)) = const - : : %

(N g

Wronskian of differential order N — 1 over RY: WO0L.N-1

[Kiselev, math /0410185, Kian Shah & Kiselev 2605.11137]
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Skyrmions <5 homology of spheres < Wronskians over R¢
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homology of spheres «— Wronskians over R?

S? S2
m
S

i R?2U {00} ~ 2 5 S2 C R3

m= (m17 ma, m3)

sphere homology  Ho(S?) = Z

Q=

m S Qs topological charge

1
m'w = / det[m, O,m, 0, m] dxdy
S2 47 R2

= W=} (my, my, m3)
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Complete generalised Wronskians

Wronskian over RY of differential order k > 1: WC’,‘

d=2=k: WSZ3(f,g,...) hasrows f,f, 1, fi, ey fyy
K
Wronskians Wé‘ appear in:
7+ Alt(8)
6__
5+ Alt(6)
4__
3+ Alt(4)
2__

11 sl(2)  Q[R?) QR%) QRY)

hd__
o+
w4
N
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Higher Lie structures
Definition: N-ary Lie algebra
A=V,[,...,]: VN5 V)
multilinear, totally antisymmetric, Schlessinger-Stasheff Jacobi

Z (=) M[as(1)s -+ Ao(m)]; A (N41)5 -+ Ao(2n—1)] = O

g€SN-1

Generalised Wronskians satisfy the Schlessinger—Stasheff identities.
[Dzumadil’daev 2002, Kiselev 2004]
Example:

A = (k[xY, ..., x9], WK

space of all polynomials with the Wronskian as bracket
is an infinite-dimensional N-ary Lie algebra
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Previously known finite-dimensional N-ary Lie algebras
e 5l(2) ~ ({1,x,x%), [,-] = Wo1)
e A= (<17X 7X2,...,XN>’ woL. ,N—1)

1 i N N—¢
01...N—1 X X X X
W (1, T w) T

TN T (N =)
* A= (<17Xayaxy>v ['a'v'] - szzzl)

[17X7y]:1 []-aX7Xy]:X [1,}/,X)/]:—y [X,y,X)/]:_

kA
before
3+« 7?2 7 7

2t 7 7 7

11 oo 7 7
s1(2) [Kiselev,
3 > d math/0410185]
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Research problem
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Fix any base dimension d = dimRR9 and any differential order
k > 1 of the Wronskian WG’,‘; do there exist finite-dimensional

subspaces of polynomials over R? closed under Wj?

kz\ kz\

before now

41 o 2 7 7 41 o e e

3+ . ? ? ? 3+ . . .
—

21 ¢ 7 7 7 21 o e e
1-- [ ] [ ] ? ? 1-- L] L] [ ]
s(2) sl(2)

5 5 4 ¢ T 5 3

[2605.27305]
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Main theorems: all* finite-dimensional N-ary Lie algebras
with Wronskians as brackets

All polynomials up to degree k: ky—z[x,y] = (1,x,y,x?, xy, y?)
Theorem (Main-1): For any k,d > 1 and any homogeneous
polynomial p(x) of degree k + 1,

A= (k[x o xT @ (p(x)), W)
is an N-ary Lie algebra with the generalised Wronskian Wj as the
N-ary bracket, N = (dtk). Here dimA = N + 1 < oo.

Theorem (Main-2): If A 2 kg[x!, ..., x9] is not of the form
above, then dim A = .

[Kenins and Kiselev, 2605.27305]
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Structure constants

Put x” = (x!)---(x9)™. For any monomial a(x) € k[x?, ..., x9]:

9k _N\k—r K |7
de(l,...,isx/),...,( ) ): ((kzr)l I1 (dega—é)-nga(x)

S T l=r+1
x7

Example: A = ((1,x,y,z,p(x) = xy + yz + zx), W(f::g;l)

[lvxayaz]:]-a [X,}/,Z,P]:P

[17Xay,P]:X+% []_,X,Z,p]:—X—Z, [1,)/72713]:}’4‘2
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Perfect 7 Algebras A

Definition: A = (V,[,...,-]n) perfect if spani[A, ..., Aly = A
Lie: semi-simple = perfect.
Examples:
sl(2) ~ ((1,x,x%), WO
A= ((1,x,x2,...,xNy, wol-N=1)
A= ((1,x,y,xy>, W(:’,‘::z1 =1AN9/0x A 8/8y)
o A= ((1,x,y,z,xy + yz + zx), Wj::él)
Non-examples:
o A= (<1,X,y,X2>, Wcl,‘zzzl)
o A= ((1,xy,y%), Wi3})
e A= ((1,x,y,z,any degree 2 monomial), W}=})
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Perfect algebras require polynomials

Proposition: If a(x) monomial of degree k + 1:

A = (k[xt, ..., x9] @ (a(x)), Wk), is perfect only if

(i) d=1 or (i) d=2 and k=1

Problem: Does there exist a polynomial a(x) s.t. A is perfect?
Over k =1 and any d not divisible by 4, yes:

a(x) = x2x® 523 4 x9TIxd o x Xt

for instance, a(x) = xy + yz + zx
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Witt algebra and its generalisations
Witt algebra: (over C) Virasoro algebra with zero central charge

L,=a, 882’ a, = z"!
[Ln, L] = (m—n)Lptm S [an, am] = Wo’l(a,,7 am) = (m—n)apsm
Deformations over higher arity: [-,...,.] = WOL-N-1 5 — zn+N/2
[anys s @ny] = H (nj — nj) - any4tny
1<i<j<N

Generalisations over C?: Example: take d = 2 and k = 1; put
ii = (n1, np), similarly m and £. Then a5 = z™*3/2 w+3/2 satisfy

1 1 1
(37, am, az] =|nm my fq- it
n my
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Factorisations of Vandermonde determinants

Ordinary Vandermonde:

1 1
mq mpy
det .= H (mj — m;)
' 1<i<j<N
my -1 m,lt,l_l
Generalisation over RY: 03/0x20y  — (n1,mp) — n?m
1 1 1
detVan(’;j(a, b,c)=det|a1 b
da» b2 ()
Does not factorise in general. [Francis Brown, J. Alg., 2025]

We factorise them when N — 1 or N — 2 arguments are fixed.
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Factorise general Vandermonde: differential operators

From structure theorem the R.H.S. is:

Cyker K 7
((k 1 r)| H (deg a-— E) ’ gxfa(x)v
T l=r+1

Put p(x) = (x})™ .- (x9) and q(x) = (x})™ ... (x9)md,

~—

{p.a}x :={(degp — 1)m — (degq — 1)n1}%
{p, q}(XA)2 = {(degp — 1)(degp —2) my(my — 1)—
pq

— (deg g — 1)(deg g — 2) m(m — 1)}W,

Problem: Write the formulas as antisymmetric differential
operators acting on monomials p and q!
Extend to more monomials: p,q,s, .... Big source of skew operators.
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Conclusions and outlook
Conclusions:

1. Classified all finite-dimensional polynomial algebras with
Wronskians as N-ary Lie brackets:
analogues of sI(2) of higher arity over higher base C¢.

2. Generalised the Witt algebra from field theory to higher
(complex) base dimension C? and differential order.

3. Factorised the generalised Vandermonde determinants over
C? in certain base cases.

Open problems: [5 problems in 2605.27305]

1. Can the assumption that A 2 kg[x?, ..., x] be dropped in the
2nd main Theorem?

2. Do there exist topological invariants, which use differential
operators of higher order: Wronskians with kK > 17 If so, what
are the applications to particle or solid-state physics?

3. What are the physical uses of the generalised Witt algebras?
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